A solution space for a system of null-state partial differential equations II 



Steven M. Flores* 
Department of Mathematics & Statistics, 
University of New Hampshire, 
Durham, New Hampshire, 03824, 
and 

Department of Mathematics, University of Michigan, 
Ann Arbor, Michigan, 48109-2136, USA 

Peter Kleban^ 
LAS ST and Department of Physics & Astronomy, 
University of Maine, Orono, Maine, 04469-5708, USA 
(Dated: April 25, 2013) 

In this second of two articles, we study a system of 27V + 3 linear homogeneous second-order 
partial differential equations (PDEs) in 2N variables that arise in conformal field theory (CFT) 
and multiple Schramm-Lowner Evolution (SLE K ). In CFT, these are null-state equations and Ward 
identities. They govern partition functions central to the characterization of a statistical cluster 
or loop model such as percolation, or more generally the Potts models and O(n) models, at the 
statistical mechanical critical point in the continuum limit. (SLE K partition functions also satisfy 
these equations.) The partition functions for critical lattice models contained in a polygon V with 
2N sides exhibiting a free/fixed side-alternating boundary condition ■& are proportional to the CFT 
correlation function 

{lf)t(w l )lpi(w 2 ) . . . 1pi(W2N-l)^t(w2tf)}^, 

where the Wi are the vertices of V and tpi is a one-leg corner operator. Partition functions conditioned 
on crossing events in which clusters join the fixed sides of V in some specified connectivity are also 
proportional to this correlation function. When conformally mapped onto the upper half-plane, 
methods of CFT show that this correlation function satisfies the system of PDEs that we consider. 

This article is the second of two papers in which we completely characterize the space of all 
solutions for this system of PDEs that grow no faster than a power-law. In the first article [1], we 
proved, to within a precise conjecture, that the dimension of this solution space is no more than Cjv, 
the Ath Catalan number. In this article, we use those results to prove that if this conjecture is true, 
then this solution space has dimension Cjv and is spanned by solutions that can be constructed with 
the CFT Coulomb gas (contour integral) formalism. From these solutions, we prove that when any 
two neighboring points approach each other, at most two Frobenius series arise, except for certain 
special k values, where a logarithmic term is possible. This establishes part of the Operator Product 
Expansion (OPE) assumed in CFT. We also discuss connectivity weights, which are proportional 
to the probability that the traces of a multiple-SLE K join in a specified way. Finally, we point out 
the connection between certain exceptional speeds (particular k values), the O(n) models of physics, 
and the minimal models of CFT. 
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I. INTRODUCTION 



This article completes the analysis begun in [1]. In this introduction, we state the problem that we wish to solve 
and summarize the results found in [1] that we use to solve it. The introduction I and appendix A of [1] relates this 
problem to matters in conformal field theory (CFT) [2-4] and multiple Schramm-Lowner Evolution (SLE K ) [5-9] and 
surveys its application [2, 5, 10-15] to critical lattice models [16-20] and some random walks [21-25]. 

The goal of this article and its predecessor [1] is to completely determine a certain solution space Sn of the following 
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system of 2N null-state partial differential equations (PDEs) of CFT, 
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and three conformal Ward identities from CFT, 



F(x) = 0, j e {1,2,..., 27V}, 
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F(x) = 0, 
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with x := (x\, X2, ■ ■ ■ , x 2 n) an d K £ (0, 8). (In this article, but unlike its predecessor [1], we refer to the coordinates 
of x as "points.") The solution space Sn of interest comprises all (classical) solutions F : Hq — > R, where 



O := {x e R 2N \ xi < xs < ... < x 2 n-i < x 2 n} 
such that for each F € Sn, there exist positive constants C and p such that 

2N 



iFWlKCHlxj-Xi^W, with inj(p):= 



+P, 



X { \ < 1 
Xi\ > 1 



for all x G 



(3) 



(4) 



(We used this bound to prove lemma 3 in [1], but we conveyed our belief that Sn is actually the complete space of 
classical solutions F : £! — > R to the system (1, 2) in appendix C of [1].) Our goals are as follows: 

1. Prove that Sn is spanned by real- valued Coulomb gas solutions (see definition 1 below). 

2. Prove that dim6>Ar = CW, with Cn the Nth Catalan number: 



Cn — 



(2N)\ 
N\(N + 1)!' 



(5) 



3. Argue that Sn has a basis consisting of Cn connectivity weights (physical quantities defined in the introduction 
I to [1]) and calculate that basis. 

In [1], we used certain elements of the dual space S N to prove that dim Sat < Cn if conjecture 14 of that article is 
true, and in this article, we use these linear functionals again to complete items 1-3, again assuming that conjecture. 
To construct these linear functionals, we proved that for all F € Sn and all i £ {1,2, ... , 2N — 1}, the limit 



eiF(x 1 ,x 2 ,...,x i ,x i+ 2,...,x 2N ) := lim (x l+1 



Xif'^Fix) 



(6) 



exists, is independent of Xi, and (after implicitly taking the trivial limit Xi — > Xi—i) is an element of Sn—i- Following 
this limit, we applied N — 1 additional such limits i 2 , Iz,...,In sequentially to (6), sending F to an element of 
So := R. Each limit £j multiplies the function on which it acts by (xi 2j — ^i 2 j-i) 6 ^' t ~ 1 before it either brings the two 
points x i2j l < x.i 2j among x\, x 2 , . . . , x 2 n together or sends them to negative and positive infinity respectively. (We 
denote this latter type of limit as £p we denote the former type in (6) as £j, and we denote either as £j.) 

There are many ways that we can order a sequence of these limits, and in [1], we listed the conditions necessary 



to avoid various inconsistencies such as having the limit £j that sends Xi 2j 



_j precede the limit £k that 



sends 



whenever 



" l 2j-l 



< Xi 



<C Xj. 



< Xi 



We called the linear functional Jz? : S 
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FIG. 1: Polygon diagrams for three different equivalence classes of allowable sequences of N = 4 limits. We find the other 
Ca — 3 = 11 diagrams by rotating one of these three. 
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S£ := ■ ■ ■ £j 2 ^ji an( i with the limits ordered to fulfill these conditions an allowable sequence of limits. Because 

it is linear, an allowable sequence of limits is an element of the dual space <Sjy. 

In [1], we further proved that two allowable sequences Jz? and j£f' that bring together the same pairs of points in 
different orders have ££'F = ££F for all F G Sn- This fact established an equivalence relation among the allowable 
sequences of limits that partitioned them into Cn equivalence classes [J£?i], [-^j], • • • , \^C N \- We represented the 
equivalence class [.2^] by a unique interior arc half-plane diagram, called the half-plane diagram for [-2^]. Such a 
diagram consists of N non-intersecting curves, called interior arcs, in the upper half-plane, with the endpoints of 
each interior arc brought together by a limit in every element of For convenience, we converted the half-plane 

diagram for [_Sf f ] into an interior arc polygon diagram, called the polygon diagram for by conformally mapping 
it onto a polygon V, with the points x\, xi , . . . , X2N sent to the vertices w\, w%, . . . , W2N of V. We called both 
types of diagrams interior arc connectivity diagrams, and we referred to either of the diagrams representing [j§f f ] 
simply as the diagram for [_Sf t ]. We enumerated the equivalence classes [-%], • ■ ■ , \&c N ]\ we defined the set 

:= {[-^lL [&2>] • • • : [^Cjy]} ^ an( i f° r au ? e {lj 2, • • • , Cat}, we defined the qth connectivity to be the arc 
connectivity exhibited in the diagram for [Jz? ? ]. The interior arc connectivity diagrams have a natural interpretation 
as SLE K arc connectivities [1]. 

We concluded our analysis in [1] by proving that if conjecture 14 of [1] is true, then the linear mapping v : Sn — > K Cjv 
with v(F)s ■= [-5e<;]F is injective, and therefore dim<S/v < Cn- In brief, the mentioned conjecture posits that if (x\, X2), 
(x%, £3), . . . , (x2N-i, %2n) are two-leg intervals of F, where {xi, Xi+\) is defined to be a two-leg interval of F € Sn if 

lim (x i+1 -x i f K - 1 F(x) = 0, (7) 

then F is zero. (We call an interval that is not a two-leg interval of F either an identity interval or a mixed interval 
of F, using nomenclature borrowed from CFT. We formally defined these terms in definition 13 of [1], and we endow 
them with more natural interpretations in sections IV B and IV C below.) In appendix B of [1], we outlined a possible 
proof of conjecture 14. 

In this article, we complete items 1-3 listed above. In section II, we briefly explain a method for constructing explicit 
elements of Sn called Coulomb gas (contour integral) solutions, originally proposed in [26, 27]. Then in section III, 
we use the map v mentioned above to show that a particular set of Cn Coulomb gas solutions is linearly independent 
(again, assuming conjecture 14 of [1]), proving items 1 and 2. This result is stated in theorem 8 in section III. In this 
section, our proof establishes an interesting connection between the system (1, 2) and the meander matrix, studied 
in [28]. Appendix A presents most of the calculations required for this proof. In section IV, we prove some theorems 
and corollaries concerning the system (1, 2) that follow from these results and that relate to CFT and multiple-SLE K . 
In particular, we prove that when any two neighboring points approach each other, at most two Frobenius series 
arise, except for certain special k values, where a logarithmic term is possible. This establishes part of the Operator 
Product Expansion (OPE) assumed in CFT. We also discuss connectivity weights, which are proportional to the 
probability that the traces of a multiple-SLE K join in a specified way. Finally, we point out the connection between 
certain exceptional speeds (particular n values), the O(n) models of physics, and the minimal models of CFT. 

We plan two more articles that build on the results of this article and its predecessor [1]. First, the connection 
between the system (1, 2) and the meander matrix implies that an important subset Bn of Cn Coulomb gas solutions 
is linearly dependent if and only if k is a certain exceptional speed. (See definition 5 below.) This degeneracy is 
closely related to the existence of the CFT minimal models, and we characterize this relation in [29]. Second, in 
section IV of this article, we prove that 38 N is a basis for S N (again, assuming conjecture 14 of [1]) and interpret the 
elements of the dual basis 3$n as the connectivity weights mentioned above. These are physical quantities described 
in the introduction of [1]. This interpretation predicts new cluster crossing formulas for critical lattice models such 
as percolation, Potts models, and random cluster models, in a polygon with a free/fixed side-alternating boundary 
condition and in the continuum- limit. We will present these new crossing formulas with a physical interpretation of 
the elements of the basis Sat in [30]. 

We recently learned that K. Kytola and E. Peltola have obtained results very similar to ours by using a completely 
different approach based on quantum group methods [31]. 

II. THE COULOMB GAS SOLUTIONS 

Remarkably, we can construct many exact solutions of the system (1, 2) via the Coulomb gas (contour integral) 
formalism introduced by V.S. Dotsenko and V.A. Fateev [26, 27]. This approach centers on using a perturbed free 
boson, or Gaussian free field [13], and N. Kang and N. Makarov have given a rigorous account for how one can do 
this [32] . To motivate the approach, we first realize each element of >Sjv as a CFT 2 Appoint correlation function, 



(tpi (xi)l/)i(X2) ■ ■ ■ 1pl(x2N)), 



(8) 
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where ipi is a one-leg boundary operator, or a (1,2) (resp. (2, 1)) Kac operator in the dense, or k > 4, (resp. dilute, 
or k < 4) phase of SLE K , in a CFT with central charge 

c=(6-k)(3«-8)/2k, k>0, (9) 

as discussed in the introduction I of the preceding article [1]. (We assume k > for the system (1, 2) throughout this 
article and its predecessor.) In CFT, an (r, s) Kac operator is a primary operator with conformal weight 



hr,s( K ) - gg ^ 



2 

' («r - 4s) 2 - (« - 4) 2 k > 4 



16k I (ks - 4r) 2 - (k - 4) 2 k<4' ^ 



(We note that this formula, and all others that we encounter below, are continuous at the phase transition k = 4.) 

Next, we use the Coulomb gas formalism to write explicit formulas for this 2 Appoint function (8). In this approach, 
we realize a primary operator with conformal weight h as a chiral operator V a (x) with the same conformal weight. 
This chiral operator is the (normal ordered) exponential of — iay/2(p(x), with its charge a = a(h) given by 



, /1-c(k) 1 f Vk 2 \ 1+1, k>4 

a^h) = a ±^al + h, a := \/ = - ^— - x (11) 

and with <p(x) the holomorphic part of the free boson [26]. We say that the charge a^(h) is conjugate to the charge 
a ± (/i), and we call the quantity ao the background charge because Coulomb gas calculations implicitly assume the 
presence of a chiral operator with charge — 2«o at infinity. In this formalism, we realize an (r, s) Kac operator as the 
chiral operator := V a ± with the Kac charge 

± +/, \ r~9 i 1 f/t — 4 i \vk — 4s|, k>4 

v 4 v 'k I 4 — k ± \sk — 4r|, k<4 

In addition to these charges, two other charges called screening charges will be of considerable use. By definition, 
a screening charge is either one of the two possible charges that a chiral operator with conformal weight one may 
have. According to (11), these two charges are 

«*:= Q0± ^= ± {<^>;: : i>\. as) 

One reason that screening charges are useful is that any Kac charge can be written as a sum of half-integer multiples 
of either or both of them: 

± (1 + + (l + «) - , (1-s) _ 

For example, in the dense and dilute phases respectively, the charges a^ s and (12), respectively corresponding 
to the conformal weights h St \ and h r ,x, can be written as half-integer multiples of the screening charges thus: 

+ (1-s) f + (1 + r) , 

/.■--- 4: < 2 , K <4: (1 2 r) . (15) 

a i, s = a + — 2 — a I = — 2 — " 

(We note that the superscript sign conventions established in (12, 14, 15) for use throughout this article differ from 
those used in some of our previous articles [33, 34] and in [35].) 

If we realize each one-leg boundary operator of the correlation function representing F as a chiral operator, then 
we have 

-pi T ,_{(V 1 %(xi)V±(x 2 )...V 1 %(x 2N )}, n>A 

*{Xx,X2, ■■■,X2N) = < / T/ ±, , ±, , ± , ■ (16) 

[(^2 1(^1)^2 1(^2) ■ ■ ■ V^XiN)), K < 4 

We are free to choose either the plus sign or the minus sign on each individual chiral operator in this correlation 
function. After we do this, we can use the simple formula for a correlation function of chiral operators, 

M 

(V ai (xi)V a2 ( X2 ) . . . V aM (x M )) = ^e^tao II \ X i ~ ^! 2QlQj ' 

i<j 
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and the formula (12) for the charges to write explicit solutions for the system (1, 2). 

The product on the right side of (17) satisfies the CFT conformal Ward identities [2-4] if and only if the sum of 
the charges of the chiral operators on the left side equals 2cxq. We call this the neutrality condition. Because the 
correlation function on the left side of (17) necessarily satisfies the CFT conformal Ward identities, it must vanish if 
it does not satisfy the neutrality condition, a feature captured by the Kronecker delta on the right side of (17). In 
our situation, this says that our 27V-point correlation function (16) satisfies the Ward identities (2) only if it satisfies 
the neutrality condition too. Unfortunately, if N > 2, then no assignment of ± signs to the chiral operators in (16) 
produces a formula (17) that satisfies this condition, so our approach seems to produce only the trivial solution. 

However, we can circumvent this problem and glean nontrivial (potential) solutions by inserting screening operators 
into the correlation function (16). A screening operator is created by integrating the location u m of the chiral 
operator V ± (u m ) with charge (and thus conformal weight one) around a loop T in the complex plane [26, 27]: 

V ± {u m )du m . (18) 

r 

This operator is primary and non-local and has conformal weight zero. Therefore, it is effectively an identity operator, 
and its insertion into a correlation function cannot alter the pointwise information of that function. But unlike the 
identity chiral operator, which has either of the two charges, zero or 2aoj corresponding to a conformal weight of zero, 
the screening operator Q has charge a ± . Thus, we can increase the total charge of a correlation function of chiral 
operators by positive integer multiples M of a* by inserting M distinct screening charges Qf, Q 2 , . . . Q M . 

If we choose for (16) the plus (resp. minus) sign for all of the chiral operators except that at x c for some c g 
{1,2,..., 27V} and the plus (resp. minus) sign for the chiral operator at x c in the dense (resp. dilute) phase, then the 
sum of the charges of the chiral operators is 




l) a i2 + a i 2 — 2a o - (N - I) a , k>4 
l)a 2l + = 2a - (N - l)a+, k<4 



+ _o- ,»r ^.. + ( 19 ) 



(Here, we have used the property a + + a = 2a .) Thus, by inserting N — 1 screening operators of charge a (resp. 
a + ) into the correlation function (16), we satisfy the neutrality condition: 



F{xx,X 2 ,...,X 2N ) 

= f {V+ 2 {x 1 )V+ 2 (x 2 ) . . . V+ 2 {x c ^)V^ 2 (x c )V+ 2 (x c+1 ) . . . V+ 2 (x 2N )Q^Q 2 ...Q-_ t ), k > 4 
~ I (^7i(zi)tfTi(z2) . . . V2Ax c _ 1 )V+{x c )V2Ax c+1 ) . . . V 2 -Jx 2N )QtQt . . . Qj f _ 1 ), k < 4 



(20) 



Our choice of signs for (16) is the choice that requires the fewest number of screening operators. (See appendix B.) 
Equation (17) with (12, 13, 18) gives the explicit formula for (20) 



2JV 2N 



F{k I r x , T 2 , . . . , T N _x \x) := n ( Xj - xtf^Hixc - Xk) 1 ' 6 ^ 

i<j k^c 

x^-.(A={r 2 4 /;: 2 ,!i:};7= 

where c £ {1,2,..., 27V}, 1m with M € Z + is the M- fold Coulomb gas integral 
Zm{{/3i}; 7 1 Ti, T 2 , . . . ,T M | xi,x 2 , ■ ■ ■ , x 2N ) := 



K 



r x ,r 2 



N-l 



x , (21) 



. . . /2W M \ / M \ 

f ■ ■f f n n ~ u ™) A ) n^p ~ u «) 7 ) dui ■ ■ ■ duM > 

JV M JV 2 JTi \ i = lm= l J \p<q ) 



(22) 



and Ti, T 2l . . . ,Tm are nonintersecting closed contours in the complex plane. The index c can be any number in 
{1,2, . . . ,27V}, and we call x c the point bearing the conjugate charge. According to (17) and (12), the values of the 
powers in (21, 22) are given by 



i 2af 9 a , k > 4 1 ,, .„ , . . f 2a, 9 a , k > 4 . 
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and 

7 = ( l\V K> A\- 8/*. ( T t2<2 ' K> A\- ( H***" " l \ } = 1 - 6/«, (24) 

as shown in (21, 22). We note that the formulas for these powers are the same in either phase. (In more general 
scenarios, the powers /3; and 7 in (22) can carry double indices m, I and p, q respectively, but we will not encounter 
those cases in this article.) 

Throughout this article, we use the branch of the logarithm with — it < arg(z) < tt for all z G C. This choice 
determines the orientations of the branch cuts of the integrand in (22). 

Definition 1. Supposing that k > 0, we call a linear combination of the functions in (21) a Coulomb gas solution. 

We note that the coefficients of a Coulomb gas solution can depend on k. If a Coulomb gas solution vanishes as k 
approaches some particular value k' but is restored to a nontrivial function upon multiplying it by some function of 
K, then we still call the limit of this product as k — > k' a "Coulomb gas solution." This case will arise in the proof of 
theorem 8 below. 

The construction of the Coulomb gas solutions (21) via the Coulomb gas formalism strongly suggests, but does not 
rigorously prove, that these candidate solutions actually satisfy the system (1, 2). J. Dubedat provides this proof 
in [36], and we present a slightly altered exposition of his proof in appendix B. Because of this fact and that each 
Coulomb gas solution obviously satisfies the bound (4), we have the following theorem. 

Theorem 2. Suppose that k > 0. Then every real-valued Coulomb gas solution is an element o/Sn- 

In the next section, we prove items 1-3 listed in the introduction I, but first, we comment on the integration contours 
for (22). In order to guarantee that (21) satisfies the system (1, 2), each integration contour in (22) must close, and no 
two may intersect. Moreover, Cauchy's theorem implies that if (21) is nontrivial, then every contour must surround 
at least one of the branch points x±, ... , X2N of the integrand. A contour can surround other contours too. 

If the powers /3; and 7 of (21, 22) are irrational (as is usually the case), then the winding number of each integration 
contour T m around each of the points x%, x 2 , ■ ■ ■ ,X2N must be zero. The simplest such contour is a Pochhammer 
contour £P(xi,Xj) entwining x\ with Xj [37]. Figure 2 illustrates this contour and its decomposition: 




1 

+ (1 - e r 2ml3 i + e 2 "(ft-ft) _ e 2"ft) Q Q 

FIG. 2: The Pochhammer contour &(xi,Xj), and the decomposition (25). This illustration shows the phase factor of the 
integrand at the start point and end point of each contour. 
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if A. ft > -l 



FIG. 3: If e 2 ™ ft and e 2 ™^ are the monodromy factors associated with x% and Xj respectively, and /3j,ft > —1, then we may 
repalce &(xi,Xj) with the simple contour shown on the right. 

rxj-e 

+ 4e 7ri(ft - ft) sinTrft smnfij / (u - ^'(xj - ufi . . . du. 

Here, the ellipses stand for a function of u analytic at Xi and Xj, and the subscript Xi (resp. Xj) on the integral sign 
indicates that u traces counterclockwise a circle centered on Xj (resp. x^) with radius e <C |xj — Xj|, starting just above 
Xi + e (resp. below Xj — e) where the integrand's phase is zero. If j3j > —1, then we can send e — > in (25) to find 

<f (u-Xif^Xj-ufi ... = 4e m(ft - ft) sin7r^sin7r/3 3 / ' (u - x,) 13 ' (xj - u)^ . . . du, ft,/3j > -1 (26) 

J ^(Xi,Xj) Jxi 

(figure 3). Even more complicated choices of integration contours that satisfy the mentioned requirements are available, 
but we do not need them in this article. 



III. A BASIS FOR S N AND THE MEANDER MATRIX 

Having proven that dim<S/v < CV in [1] (under the assumption of conjecture 14 of [1]), we next prove that 
dim5/v = C/v (using this conjecture again) by showing that a certain subset Bn C Sn of Coulomb gas solutions with 
cardinality \Bn\ = Cjq is linearly independent. Such a set Bn therefore serves as a basis for Sn, and this proves items 
1 and 2 listed in the introduction I. 

Definition 3. We call the function n : (0, 8) — > R, with the formula 

n(n) := -2 cos(4tt/k), (27) 

the 0(n)-model fugacity function. 

The function n inherits its name from its realization as the loop fugacity of an O(n) model whose closed loops 
are (locally) statistically identical to SLE^ curves. Technically, this connection between SLE K and the O(n) model 
applies only for k > 2 [12, 13, 38, 39]. Nonetheless, we find the notation n(n) useful for the entire range k £ (0,8) of 
interest in this article. In [30], we interpret n as the loop fugacity for the O(n) model to derive new polygon crossing 
formulas. 

Definition 4. For each # 6 {1, 2, ... , CV}, we let F$ : (0, 8) x Q — > K be the Coulomb gas solution (21) with the 
following details and modifications, and we let Bn ■— {Fi,F 2 , . . . , Fc N } C Sn- 

1. Ftf(n | cc) is of the form (21) multiplied by 




FIG. 4: Polygon diagrams for three different elements of Bi. We find the other C4 — 3 = 11 diagrams by rotating one of these 
three. 
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2. In (21), we set c = 2N (so x 2 m bears the conjugate charge). 

3. The integration contours Ti, T 2 , ■ ■ ■ ,Tjj-i are Pochhammer contours that satisfy the following criteria. 

• For each arc in the half-plane diagram for with neither endpoint at x c , a unique contour entwines its 
endpoints. Hence, every arc but one in the diagram for [J£$] corresponds to a unique contour. 

• If k > 4, then we replace each contour by a simple curve (that bends into the upper half-plane) via (26). 
Each such replacement removes a factor of 4sin 2 (47r/K) from (28). 

• If N — 1, then there arc no integration contours, and B\ consists solely of F\(n | x\, x%) — n(K,)(x 2 —xi) 1 ~~ 6 / K . 
We let Ltf(2m — 1) < L$(2m) be the indices of the two points among x±, x 2 , ■ ■ ■ , x 2 n that T m entwines. 

4. For all p, q £ {1, 2, . . . , N — 1} with p < q, we order the following differences in the integrand of (22) as 

(Up ~ ^(2p-i)) _4/K (^,,(2p) - u p )- 4/K (u q - x tis(2g _i)) _4/K (a; ti , (2(?) - u q )~ 4/K 

x (x^(2 P -i) - u q )- i/K {x LA2p) - u q y A ' K {u p - x^ {2q _ 1) )- A ' K {u p - x LA2q) )- 4 / K (u p - u q f/ K , (29) 

and we order the differences in the factors multiplying Zjv-i in (21) so each is real. This ensures that F$ is 
real-valued. (See the discussion following this definition.) We indicate this ordering by enclosing these factors 
and the integrand for (22) between the square brackets of Af[ . . . ] in this section and in appendix A. 

Finally, we define the exterior arc polygon (resp. half-plane) diagram for F$ (or more simply, the diagram for F$) 
to be the diagram for [J%], but with all interior arcs replaced by exterior arcs drawn outside the 2A-sided polygon 
(resp. drawn inside the lower half-plane) (figure 4). We call either diagram an exterior arc connectivity diagram. (We 
note that each exterior arc in the half-plane diagram for F§ £ Bn, except that with an endpoint at x 2 n, corresponds 
to an integration contour.) 

As an element of <Sjv, each F$ £ Bn is real- valued, and we split our proof of this claim into the two cases n > 4 
and k < 4. If k > 4, then the contours of F$ are simple, and we may deform them one at a time without changing 
their endpoints so their interiors are in the lower half-plane. To see how this is possible, we note that 

/ i( Ul - x^'^x, - U i)- 4/K (« 2 - x i )- i / K (x j - u 2 )- 4/ > 2 - «i) 8/K ...dm alu 2 = 0, (30) 

J[xi,xj}+ Jr 

where the ellipses stand for the remaining factors in the integrand of Fg with differences ordered as prescribed by item 
4 of definition 4, where [ . / / . 3C j j lib Hi simple curve with endpoints at Xi and Xj and interior in the upper half-plane, 
and where T is a simple loop surrounding [xi,a;j] + (figure 5). Equation (30) (which we prove below) lets us deform 
any contour r m of F$ around any other contour of F#, as figure 5 illustrates, until we end with a contour T m in the 
lower half-plane whose points are complex conjugates of those in T m . After ordering the differences of the integrand 
as described by item 4 in definition 4, we see that no branch cut of the integrand of F$ , considered as a function of, 
say, the mth integration variable u m , emanates from a^pm-i) to the right or from £ ti5 ( 2m ) to the left. As such, r m 
lives on the same Riemann sheet of the integrand as T m . Because of this feature and the fact that — ir < arg(z) < it 
for all z G C, the integrand's restriction to the former contour is the complex conjugate of its restriction to the latter. 
Therefore, F$ goes to its complex conjugate after we replace all T m with f m for all m £ {1, 2, . . . , N— 1}. But because 
this replacement does not change the value of F$(k | x) for any x £ f2 , we conclude that F$ is real- valued. 

Now we verify (30). After fixing u 2 to a specific value in and tightly wrapping V around this contour, we 

decompose the portion of T above (resp. below) [xi,Xj] + into segments immediately above and below [xi,u 2 ] + and 
[u 2 ,Xj\ + , where [xi,u 2 ] + U [u 2 ,Xj] + = [xi,Xj] + . Then the integration of (30) around T gives 

h{u 2 ) + e-^ l ' K I 2 {u 2 ) - J a (ua) - e- s ^ K h(u 2 ), (31) 

where we have defined 



Ji(tta) := 
I 2 {u 2 ) := 




Here, the ellipsis stand for the same omitted factors as in (30). Because the integrand of (30) restricted to [xi,Xj} + 
is invariant under the switch (ui, u 2 ) i-> (u 2 , u\), if we multiply (32) by (u 2 — Xi)~ 4 / K (xj — u 2 )~ 4 / K and integrate u 2 
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FIG. 5: We can deform the integration contours of F$ £ Bn into the lower half-plane, proving that F# is real-valued. 

along [xi, Xj] + , then we find the same result as what we find after doing the same to (33). Therefore, after multiplying 
(31) by these factors and integrating U2 along [xi, Xj] + to make the left side of (30), we arrive with zero, proving (30). 

If k < 4, then the contours of F$ are not simple, but we can still verify directly that F& is real-valued from the 
decomposition 




u(«)r(2 - 8/k) 
4sin 2 (47r/«;)r(l-4/K) 2 



-iN-l /2JV-1 



■ 2N 



4 sin 



^(l) Jx ^(2) 



i<3 / \fc=l 

47r\ f x ^m- e 



K J 



(e 



87T2 / H 




4 sur — ' 



x ^(2N-3) J x t i} {2N-2) / 

/N-l 



(2N—2)~ e 



\ /N-12N-1 

x ( n - ^) i2/k - 2 n no*- 



^..,,(3) "=**(4) 

JV-1 

n ^ - ^) 8/ 

P<9 



\m — 1 



cZmi di«2 . . . duN-i (34) 



following from (25). Arguments from the previous paragraphs show that the integrations along the simple curves are 
real-valued. Furthermore, each integration in (34) around a circle equals (e~ 8m / K — 1) times a real number, so every 
term in (34) with such an integration is real- valued too. Hence, we conclude that F$(k) is real- valued. 

Now we argue that the elements of Bn are analytic functions of n 6 (0, 8), a fact that we will use in the proof of 
theorem 8 below. The Coulomb gas solution (21) is clearly an analytic function of n ^ 0, but the prefactor (28) is 
singular if 8/k is an integer greater than one. Therefore, we study the behaviors of the elements of Bn near these 
singularities. (Interestingly, the two characteristic powers 2/k and 1 — 6/k of the Euler differential operator C in (36) 
of [1] differ by a positive integer if and only if k equals one of these singularities. We will revisit this fact in theorem 
11 in section IVB below.) Because k — 8/r is a pole of T(l — 4/k) and a zero of sin(47r/K) only if r is even but is a 
zero of n(n) only if r is odd, we consider the cases with r odd and r even separately. 
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First, we consider F$ £ Bn at K — 8/r with r > 1 odd. The singular factors in (28) are 



iin (y) r 




, r 2 



J (r-2)! 



+ 0(1). (35) 



Thus, the bracketed factor in (28) is analytic at K = 8/r, and we conclude that F&(n) is analytic at K = 8/r but 
vanishes there due to the outer factor of n(n) in (28). To avoid the trivial solution when k = 8/r, we work with 
F#(k = 8/r) := lim K _>. 8 / r 7i(k)^ 1 F^(k) and replace Bn with the new set B' N — {F{, F£, . ■ ■ ,Fq }. We reencounter 
this situation in the proofs of theorems 8 and 11 and in section IV D below. 

Next, we consider k — 8/r with r > even, or really, at k = 4/r with r G Z + . The singular factors in (28) are 



sin i — ) r ( 1- - 

K ) \ K 



7T 



/6- 



r 2- 



8 

kJ r 2 (2r-2)! 



0(1). 



(36) 



Thus, the normalization factor (28) goes as a(n — 4/r) 1 ~ JV + 0((k — 4/r) 2 ~ N ) as k —> 4/r for some nonzero constant 
a. To show that, despite this, the elements of Bn are analytic at n = 4/r, we show that each of the N—l integrations 
in (22) is 0(k — 4/r) as k — > 4/r by considering the decomposition (34) in this limit. None of these integrations 
vanishes or diverges as k — > 4/r. Moreover the factors for each integration along a straight line segment and for each 
integration around a small loop have the respective expansions 



16 




87tz/k 



mr 

~2~ 




(37) 



Therefore, we can ignore the contribution of the integrations along straight line segments relative those around 
circles centered on the endpoints of those segments, and we find that each of the N—l integrations in (34) goes as 
b(n — 4/r) + 0((k — 4/r) 2 ) as k —> 4/r for some nonzero constant b. Hence, F$(k) is analytic at k = 4/r and does not 
equal zero there. 

Actually, the points among x%, x 2 , ■ ■ ■ ,X2N-i that are entwined by the Pochhammer contours of F$(k) € Bn are 
poles rather than branch points if and only if n — 4/r for some r € Z + . In these cases, we can use the Cauchy integral 
formula to evaluate all integrations appearing in the formulas for the elements of Bn- We find 



Fa 



2(-l) 



rN-l 



(2r-2)! 



AT-l I2N-X 



IK* 



E (-i)' 1+ " + - + "'- 1 s r - 1 d^ 



{S1,S2,.. 

s„e{2r, 



|SJV-l} 

-l,2n} 



2N N-l 

mi 

. 1=1 m^l 




(38) 



u m =x Lij(a 



where for each m € {1,2, . . . ,N}, the points x^f^m-u < a; ti) (2m) are endpoints of a common arc in the diagram for 
the i?th connectivity. This formula may have applications to the Gaussian free field (r = 1, or k = 4) and loop- 
erased random walks (r = 2, or k — 2). In particular, J. Dubedat gives a determinant formula for various elements 
of Sn in [36], and we expect that each of these determinants equal appropriate linear combinations of (38) with 
€ {1, 2, ... , Cn} and r = 2. Indeed, if conjecture 14 of [1] is true, then theorem 8 (stated below) shows that this 
expectation is true. 

Next, we prove that if n G (0, 8) and conjecture 14 of [1] is true, then Bn is linearly independent if and only if k is 
not among a certain subset of the speeds given in the following definition. 

Definition 5. We call an SLE K speed k an exceptional speed if it equals 

>W-=4g/</, (39) 

where {q, q'} is a pair of coprime positive integers with q > 1. 

According to this definition, the speeds in the set {«;' = 8/r |r e Z + and r > 1} considered above are exceptional 
speeds if r is odd but are not exceptional speeds if r is even. (These former speeds correspond with CFT minimal 
models. See section IV D.) 

Lemma 15 of [1] implies that if k € (0,8) and conjecture 14 of [1] is true, then Bn is linearly independent if and 
only if the set v(Bn) '■= {v(Fi), v(F 2 ) 1 . . . , v(Fc N )} is linearly independent, where the linear map v is defined by 



v : S 



N 



v(F), := [JSfjF. 



(40) 
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Therefore, to determine the rank of Bn, it suffices to determine the rank of v(Bn)- The latter task involves calculating 
[j2f q ]F$ for all Ftf £ Bn and all [jS^] £ & N , and, as we will see, this calculation can be treated as a certain product 
of the interior and exterior arc diagrams for and F$ respectively. 

To motivate this approach, we start with a sample calculation. We choose an E$ £ Bn, an £ 38* N , and 
an arc in the diagram for that links a pair of adjacent points Xj and Xj+i among Xi,X2, ••■ ,X2N- Topological 
considerations show that at least one such arc with neither endpoint at x c = X2N exists, and we choose an element of 
[Jz? ? ] whose first limit li (6) pulls its endpoints together. Now, the value of the limit £\F^ depends on whether or not 
an integration contours of F$ entwines the endpoints of the interval (Xj, 2^+1) to be collapsed. The limit t\F$ is 



tlFd(K\xi,X2,...,Xi-i,X i+ 2,...,X2N) = 1™ (x i+ i - Xi) 6/K 1 F#(k \ x) 



lim (xj+i — X., 



\6/k-1 



n(/c) 



r 2 Jrx 



n(«)r(2 - 8/k) 
4sin 2 (47r//«)r(l-4/K) 2 

iV-l 



JV-1 



((x; +1 - x,) 2 / K . 



diti du2 ■ ■ ■ duN-i A/" 



-4/k 



-4/k 



m— 1 



(41) 



The ellipses stand for omitted factors and integrations in F$(k \ x) that appear in (21). Some of these factors contain 
Xi and Xi + i and are therefore affected by the limit. But none of them have zero or infinite limits, so they do not 
matter in the present calculation. Now, we first suppose that no contour among T%, T2, ■ . ■ , Tn-i has its endpoints at 
Xi or Xi+\. (According to definition 4, this is not possible, but we consider this case anyway because it will appear as 
a consequence of deforming the integration contours later.) Then the integrand approaches a finite value uniformly 
over T\, the limit of the integral is finite, and t\F$ is zero if k < 8. Evidently, (a;,, Xj+i) is a two- leg interval of F$. 

Now we suppose that T m = ^(xj+i, xi) for some m £ {1, 2, . . . , N — 1}. The substitution u m (t) = (1 — t)xi +txi + i 
allows us to extract a factor of (xj+i — Xj) 1-8 /' 1 from the integration with respect to u rn . After multiplying this factor 
by the factors of (xi+\ — Xi) 2 l K and (xj+i — Xj) 6 / K_1 outside the (N — l)-fold definite integral in (41), we find, with 
the points in {xj}j^ i+ i fixed to definite values, a function H of Xj+i that is analytic at Xj+i = Xj. Evaluating the 
integration with respect to t using the beta-function identity 



-4/k 



(I -t)- 4 ^ K dt = Asm 2 



4tt\ r(l-4//e) 



K J T(2-8/k) ' 



(42) 



we ultimately find that £±F^ is the original function F$ used in (41), but with factors containing a;,-, ajj+i, or u%, the 
integration along Ti, and a factor of T(2 — 8/«)/r(l — 4/k) 2 dropped. Thus, £iF# equals n times an element of Bn-i- 
If 8/k is not an odd integer, then n{n) is not zero, the limit is not zero, and (a;,, Xj+i) is evidently not a two-leg 
interval of F$. In fact, according to definition 13 in [1], it is an identity interval of F$. If 8/k is an odd integer, then 
n(n) equals zero, the limit is zero, and (xi,Xi+i) is evidently a two-leg interval. (As previously mentioned, F$(k) is 
actually zero in this case, but the limit of n _1 (K)i ; i(/v) as 8/k approaches this odd integer is not. As such, we work 
with the latter function if we are in this situation, and our claim that (xj, Xj_|_i) is a two-leg interval of it follows. We 
will study this case more closely in section IV D below.) 

Finally, a Pochhammer contour among Ti, I^, . . . ,Tn-i may entwine just one of Xj and Xj_|_i, and in this case, 
(x,,x,_(-i) is not a two-leg interval of F$ either. In appendix A, we will prove this claim and show that the interval is 
actually a mixed interval of F$. Thus, we discover an important fact. If 8/k is not an odd integer, then by touching 
Xj and/or Xj+i, an integration contour converts a two-leg interval (xj,Xj_)_i) of F$ into an identity interval or mixed 
interval of i 7 ^. (If 8/k is an odd integer, then the integration contour must touch only one of the endpoints in order 
to convert this interval into an identity interval.) This observation is fundamental to calculating v(Bn) in the proof 
of the following lemma. 

Lemma 6. Suppose that k £ (0,8). If conjecture 14 of [1] is true, then Bn is linearly independent if and only if k is 
not an exceptional speed (39) with q < N + 1. 

Proof. To prove the lemma, we first prove that v(Bn) '■= {v(Fi), v(F2), . ■ ■ , v(Fc N )} is linearly dependent if and only 
if k is an exceptional speed with q < N + 1, and then we invoke lemma 15 of [1]. In order to do this, we must calculate 
[Sf q ]F^ for all # £ {1, 2, . . . , Cn}- (Throughout this proof, we assume that k > 4 and the integration contours are 
simple contours, as prescribed in definition 4. Because the elements of Bn are analytic functions of k, we can use 
analytic continuation to extend our results to < k < 4. We explain this further in appendix A.) 

For the proof, we choose arbitrary ■& £ {1, 2, . . . , Cn}- Now, the diagram of [j£f s ] has at least one arc with 
endpoints at x, and Xj+i for some i £ {1,2,..., 2N — 1}, and we choose an element of [J5f ? ] whose first limit l\ sends 
Xi+i — > Xi. As we noted earlier, the value of the limit 1\Fq depends on whether or not Xi and Xj+i are endpoints of an 
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integration contour of F$ . There are four different cases to consider (figure 6) , and we defer the explicit computations 
pertaining to each to the appendix A. We summarize the results for 8/n Z + , and we extend the proof to the case 
8/k € Z + below the summary. 

1. In the first case, neither Xi nor Xi+i is an endpoint of a contour. Then (xi, aii+i) is a two-leg interval of F$, and 
the limit £\F^ is zero (41), as we previously observed. (Actually, this case does not occur for any interval of any 
F$ 6 Bn- However, because it will come up in the calculations for the cases that follow, we mention it here.) 

2. In the second case, both X{ and Xi+i are endpoints of the same contour T\ = [x%, Xi+±] + of Fg. (The superscript + 
indicates that the contour [xi,x i+ i} + is formed by slightly bending [x^Xj+i] into the upper half-plane without 
changing its endpoints.) Here, (xi, Xi+i) is an identity interval of F$, and the limit i\F$ equals n times an 
element of B^-i with contours r 2 , r 3 , . . . , Tjv-i, as we previously observed. 

3. In the third case, either Xj, or x i+ i is the endpoint of a contour 1^ of F$ while the other is not. This situation 
requires more care. Supposing that Xi is the endpoint of T±, we break Ti into a contour that terminates at 
Xi—i and another along Xi} + . Now we must take the limit as Xj+i — > Xi of (x-j+i — Xi) 5 ^^ 1 times 



F$(k I x) = n{n) 



n(«)r(2-8/«) 
4sin 2 (47r/K)r(l-4/K) 2 



-,jV-l 2JV-1 



IK" 



\Xj Xfc 

j<k 

y,fc)^(t,»+i) 



2N-1 

j = 1 JTn-i 



r r /2N-1 JV-1 \ / JV-1 

/ / du 2 du 3 ...du N - 1 l JJ Y[{u m -xi)- i / K (u m -x 2N ) 12 / K - 2 \ J[ (u p 

"^ r3 "^ r2 V 1=1 m=2 / \l<p<q 



'N-l 



/2JV-1 



(x i+ i - Xl fl K / + / dm J] K - W i) 8/K («! - 



X2JV 



,12/re-2 



\8/K 



II («i-^r 4/ " 



Vm=2 



i=l 



(43) 



(Although not explicitly shown here, we order the differences in the integrand of (43) so F$ is real, as prescribed 
in definition 4.) In the bracketed factor spanning the last line of (43), the integration with respect to u\ along 
falls under case 1 and vanishes in the limit Xi+i — > Xi, and the integration with respect to u\ along (xi-i, Xi) 
is identical to that of (A4) with fa = fa+\ = —7/2 = — 4/k in section A3 of appendix A. Equation (A10) gives 
the asymptotic behavior of this second integral, so the limit l\F$ equals that of the second case multiplied by 
an extra factor of accumulated from deforming Y\. Therefore, in the third case, this limit is an element of 
Bn-i with contours I^, 1^, . . . , Tjv-i- Also, the analysis in section A3 of appendix A reveals that (Xj, Xi+i) is 
a mixed interval of F$. If Xj+i is the endpoint of Ti, then the result is the same. 

4. In the fourth and most complicated case, Xi is an endpoint of r l5 and Xj+i is an endpoint of a different contour 
T 2 . Similar to case three, we separate the integrals with respect to u\ and u 2 from the other N — 3 integrals, 
and we break T± (resp. T 2 ) into a contour (resp. T' 2 ) that terminates at Xj_i (resp. Xi+ 2 ) and another along 
[xi-i,x.i] + (resp. [xj+i, Xi +2 ] + ) (figure 7). This results in four terms. The first integrates ui and u 2 along 
T[ and r' 2 respectively, and because neither of these contours terminates at x, or Xi + \, both of these definite 




FIG. 6: The four cases of interval collapse. The dashed curve connects the endpoints of the intervals to be collapsed, and the 
solid curves are the integration contours. 
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r=T' +ri+r2 



= n x 




FIG. 7: The decomposition of the fourth case into the first three cases and a simpler version of the fourth case. The uppermost 
and next two terms fall in the first and third cases respectively. 

integrals fall under case 1. Thus, the corresponding term in l\F& is zero. The second term integrates u\ along 
[xi_\,xi\ + and u 2 along Y' 2 . This falls under case 3, and its corresponding term in l\F$ is the element of Bn-i 
with contours Y' 2 , Y3, . . . , Tjv-i. The third term integrates u± along T[ and u 2 along [xi+%, Xi+ 2 ] + . It also falls 
under case 3, and its corresponding term in £iF$ is the element of Bn-i with contours T' 1: Y 3 , . . . ,Tjf-i. The 
fourth and most complicated term integrates u\ along [xi-\,Xi\ + and u 2 along [xj+i, Xi+ 2 ] + . In section A4 of 
appendix A, we compute its asymptotic behavior as Xi + i — > x^, and the result is (A27). Thus, its corresponding 
term in £\F§ is the element of Bn-i with contours rQ,r3,r4, . . . ,rV-i, where Y' Q := [xi^i,Xi+ 2 } + . Summing 
all four terms gives the element of Bn-i with contours r,r3,r4, . . . ,rv_i, where Y := Y' Q + Y[ + Y' 2 is the 
contour generated by the joining of T% with Y 2 induced by pulling their respective adjacent endpoints xi and 
x i+ i together. Also, the analysis in section A3 of appendix A reveals that (2^, x i+ i) is a mixed interval of F$. 

Our calculation of [«Sf f ]i^ is facilitated by a diagrammatic method introduced in [35]. We draw the polygon diagram 
for [j£f f ] and that for F# on the same polygon (figure 8) and call the result the diagram for [Jz^Ji 7 ^. The interior and 
exterior arcs of this diagram respectively represent the limits of [j£? s ] to be taken and the integration contours of F$ 
(except for the exterior arc with an endpoint at x 2 m, which has no associated integration contour). Now, each vertex 
of the polygon in this diagram is the endpoint of a unique exterior arc and a unique interior arc. Thus, starting on 
an arbitrary interior arc, we can follow it in a given (say clockwise) direction, passing onto an exterior arc, and then 
another interior arc, etc., until we return to our starting point. All of the arcs thus traversed join to form a loop that 
dodges in and out of the 2A jr -sided polygon V through its vertices. If an arc in the diagram for [J^^F^ is not a part 
of this loop, then we repeat the process starting with that arc, and continue this until all arcs are included in a loop. 
Thus, all of the arcs in the diagram for [«5f ? ]F^ join to form l it ^ € Z + loops. 

In order to take the limit Xi+i — > Xi first, we have supposed that the vertices corresponding to Xi and Xi+i, neither 
of which are x 2 n, are endpoints of the same interior arc in the diagram for [Jz? s ]. Either one of two cases may occur. 

I The points Xi and x^+i may be endpoints of the same exterior arc that joins with the interior arc to form a loop 
in the diagram for [Jf^F^ intersecting the polygon only at Xi and Xi + \. The corresponding limit falls under case 2 




FIG. 8: The diagram for [^4] 6 SS%, for F\ £ B±, and for their product [Jf^Fi £ R. The product diagram contains two loops 
and therefore evaluates to n 2 . 
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above. Collapsing the interval (2^,2^+1) amounts to deleting the corresponding side and the loop that surrounds 
it from V and fusing the adjacent sides together to create a (2N — 2)-sided polygon V '. This modification sends 
F$ to n times the element of Bn-i whose diagram is given by the remaining N — 1 exterior arcs attached to V' . 

II The points Xi and 2^+1 may not be endpoints of the same exterior arc in the diagram for [Jzf^Ji^. This limit falls 
under either case 3 or 4 above. Collapsing the interval (xi,Xi+i) amounts to deleting the corresponding side and 
interior arc from V, fusing the adjacent sides together to create a (27V — 2)-sided polygon V' , and joining the two 
exterior arcs with an endpoint at Xi or x^i into one exterior arc. This modification sends to the element of 
Bn-i whose diagram is given by the remaining N — 1 exterior arcs attached to V '. 

We repeat collapsing the sides of V this way another N — 1 more times. As we do this, we eventually contract away 
each loop in the diagram for [j§f ? ]F^ (with the polygon deleted), finding a factor of n in its wake. Thus (figure 8), 

([&<],[&]) :=&]F*=n l <>*. (44) 

So far, we have proven (44) only for all k £ (0, 8) with 8/k £" Z + . To remove this latter restriction, we let k' = 8/r 
for some r £ Z + \ {1} and prove that (44) is true if k = «' too. To this end, we first note that for some e > 0, each 
limit in every element of [j§? ? ] is uniform over JC :— (k' — e, n' + e). We can prove this by sending S I in (67) and 
(64) of [1] (after taking the supremum of the latter over K). (See the proof of lemma 4 of [1] for context, keeping in 
mind that K, has different meaning in that proof, although this does not matter here.) Thus, we may commute the 
limit k — y k ! with each limit of every element of [Jz^]. So by sending k — > k' on both sides of (44) and commuting 
this limit with [j£? f ], we prove (44) for n = k' too. Thus, (44) is true for all k £ (0, 8). 

Equation (44) defines an inner product on the space of arc connectivity diagrams for the elements of 38* N that is 
identical to the inner product on Temperley-Lieb algebras TLjv(n) [40] studied in [28]. P. Di Francesco, O. Golinelli, 
and E. Guitter studied the Gram matrix Mjv ° n of this inner product, called the meander matrix, in [28]. (See also 
figure 39 of [41].) In our application, the vectors of v(Bn) form the columns of Mjv ° n. We conclude from lemma 15 
of [1] that Bn(k) is linearly independent if and only if the determinant of Mjv ° n(n) is not zero. 

The determinant of this Gram matrix, called the meander determinant and computed in [28] (see also [41-43]), is 

N 

det M N (n) = Y[U q (n) a ( N ^ 

q=l 

= E[( n - r w) o{JV "~ 1) ' 

l<q'<q<N+l 

where U q is the qth Chebychev polynomial of the second kind [28], and the power a(N,q) is given by 



a(N,q) = 




Because the zeros n q y (46) of the meander determinant only depend on the ratio q' ' /q, we adopt the convention that 
the pair {q, q'} labeling n g>g ' is coprime. Table I shows a list of the first few Ug )9 ', and we note that 
Kq,2mq±q' I0r an Y m £ Z + are the only SLE K speeds such that n(n') — n q y for integers 1 < q' < q. Each of these 
equals an exceptional speed (39), and we can write every exceptional speed in either of these forms. Because n q ^ q > is 
a zero of the meander determinant only when q < N + 1, the lemma follows. (All other zeros of det Mjv n are Kq,—q> 
and K q ,2mq±q' with m £ It . Because they are negative, they are not SLE K speeds, so we do not consider them.) □ 

The proof of lemma 6 establishes a useful corollary that we will use in [29] . 

Corollary 7. Suppose that F £ Sn and k £ (0, 8). If conjecture 14 of [1] is true, then rankBjsr — rankM^ ° n. 

If n does not equal any of the zeros n qtq >, then the nullity of M^{n) equals zero, and if n — n q ,q>, then the nullity 
equals the multiplicity dpj(q, q') of the zero n q q i of the meander determinant [43]. Hence, by the dimension theorem 
and corollary 7, we have 

rankSw = rankMjv ° n(«) = { 2"' . (n * t ^ , Kq<N + l. (48) 

^ ~ a N\q,<l ), K — K q,q' 

The multiplicity djsi{q,q') is given by the formulas [28] 

V(N+l)/q\ 

d N (q,q') = J2 a (N,pq — 1) (49) 
p=i 



(45) 



-2 cos [ ^— I with q, q' £ Z + and q' < q, 



(46) 
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TABLE I: The first few zeros n q> gi of the meander determinant. From left to right along the superdiagonal, we recognize the 
dense phase 0(n)-model loop fugacity of the uniform spanning tree, percolation, Q — 2 FK clusters, the tri-critical Ising model, 
and the Q — 3 FK clusters. 




We note that, interestingly, d^(q,q') does not depend on q' . We also note the useful values 

d N (2,q')=C N , d N (3,q') = C N -l, d N (N + 1, q') = 1. (51) 

This last equation states that when n q y first appears as a zero of the meander determinant (46) at N = q — 1, its 
multiplicity always equals one. 

Now we use lemma 6 to prove most of the following theorem, which is the main result of this article. 

Theorem 8. Suppose that k G (0, 8). // conjecture 14 of [1] is true, then 

1. Bn is a basis for Sn if and only if n is not an exceptional speed (39) with q < N + 1. 

2. dimiSjv = Cn, with Cn the Nth Catalan number (5). 

3. Sn is spanned by real-valued Coulomb gas solutions (21). 

4- The mapping v : Sn — > R Cn with v(-F) ? := \S£^[F is a vector-space isomorphism. 

5. m* N := {[jSfi], [Jf 2 ], . . . , [J? Cn ]} is a basis for S* N . 

Proof. After we recall that |f?jv| = Cjv 5 item 1 follows immediately from lemma 15 in [1] and lemma 6. This also 
proves items 2 and 3 if k is not an exceptional speed (39) with q < N + 1. Finally, because v is injective according 
to lemma 15 in [1], its rank equals dim6>Ar. By item 2, this former dimension equals dimM^". Hence, v is surjective 
too, and this proves item 4. Therefore, all that remains is to prove items 2 and 3 with k an exceptional speed n' and 
to prove item 5 in general. To do the former, we perturb n away from k' in Bn{k) and send n — > k' to construct a 
new linearly independent set B' n (k') of Cn alternative Coulomb gas solutions. 

We let q > q' be positive coprime integers such that n(n') — n q ^ q i . Because Bn{k') has rank Cat — d?f(q,q') (48), 
where d^{q,q') is the multiplicity (46) of the zero n q q > of the meander determinant [43], the solutions in Bn(k') 
satisfy exactly d = d?j(q, q') different linear dependences. We write each as 

Cn 

^a, )1? i^«) = 0, ? G{l,2,...,d}, (52) 

where the set {ai, . . . , a,/} of vectors a ? := (a Si i, a Si 2, . . . , a^,c N ) ^ s linearly independent and spans the kernel of 
M N o n(nf). 

Next, we construct a new set B' N (n') of cardinality Cn- We let A be a Cn x Cn invertible matrix whose first d 
columns are oi, 0,2, ■ ■ ■ , a^, and we consider the set of solutions 

{^2 § a i^ F o( K )' X^ 02 '' 5 ^'*)' a d,*- F *( K )> a d+i,* F 4( K )> ^2^ a c Nl ^(K)\ . (53) 

If k 7^ k', then this new set is also linearly independent because detA 7^ 0, but if k = k', then the first d entries are 
zero while the others collectively form a linearly independent set of full rank Cat — d. Because each F$(k) is analytic 
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at k', the gth entry goes as a e (n — k') 1 ™ 8 + 0((k — n') me+1 ) as K — > k' for each g G {1, 2, . . . , d}, with m e G Z+ and a e 
a nonzero constant. Therefore, we can adjust the set (53) so all of its elements remain finite and nonzero as k — > k': 

B' n (k) {K«)-n( K ')]" mi ^ai,^(«), [n(/s) - «(«')]" ™ 2 E„ a 2^^( K ), ... 

[n(«) -n(K / )] _md ^ i? a^F tf (K), ^a d+1 ^F^(K), ^ ac N ,tfi^(/«)} • (54) 

This new set B' n (k) is comprised of Cat Coulomb gas solutions, and we let F^(k) be its i?th element. 

Now we show that B' N {n') C Sn(k'). Because each of its elements is analytic on {k! — e, n' + e) x f2 for some e > 0, 
we can insert the Taylor series for F^(k) centered on k = K into (1) and differentiate it term by term with respect to 
Xi, X2, ■ ■ ■ , %2N to find 

«(«» = 0, j G {1,2,..., 27V}. (55) 

By sending n — > k' , we see that F^(k') solves (1) with k — n' . A similar procedure shows that F^(k') solves the Ward 
identities (2) with k = n' too. 

Finally, we show that B' n (k!) is linearly independent and therefore a basis for Sn(k'), proving items 2 and 3. We 
let M' N o n be the matrix whose <jth column is the image of the ^th element of B' N under v. In the discussion following 
(44), we noted that the limit k — > k! commutes with all G 3B* N , so M' N o n(n') = lim K ^ K / M' N o n(re). Now for 
k =/= k', the determinant of M' N on is 

detM' N on(K) = [n(/c) - ^(k')] -1 " 1- ™ 2- - - ™" det AdetM N o n(«) 

= 6(/s - K ')d-m 1 -m 2 -...-m £i + _ K /j«l-m 1 -m,-...-m ( ,+lj (56) 

for some nonzero real constant b because d is the multiplicity of the zero n' of det M' N o n [43] . Now, because 
det M ' N o n(fc') is finite by construction and given by sending n — > k' in (56), and because all of the m 5 are positive 
integers, we must have m s = 1 for all <r G {1,2, . . . ,d}. Therefore, detM' N o ti(k') ^ 0, and because v is injective 
(according to lemma 15 in [1]), we conclude that B' n (k') is linearly independent and therefore a basis for Sn{k')- This 
proves items 2 and 3 for k an exceptional speed (39) with q < N + 1. 

Item 2 implies that dim6>^r = Cat. To prove item 5, we let Ai := {[Jz?i], [^2], • ■ ■ , [-%//]} be a maximal linearly 
independent subset of 38* N -, and we prove that M := |A^| = Cat. To prove that Ai is nonempty for all k G (0,8) in 
the first place, we show that at least one element of £$* N is not the zero-functional. If n{n) does not equal zero, then 
(44) and item 4 together imply this trivially. If n{n) equals zero, then according to the previous paragraph, 8/n is a 
positive, odd integer, and B' N (n) is a basis for Sn(k). Because each element of B' n (k) is therefore not zero, for each 
such element, we can find at least one equivalence class in 38* n (k) that does not annihilate it, according to item 4. 
We conclude that Ai is nonempty for all k G (0, 8). 

Now we suppose that M < Cn- Then by item 2, dim — Cm, and S N has a finite basis for which A4 can serve 
as a proper subset. We let 

b *n = [-^2], • • • 1 [-^m])/m+i,/m+2, • • -,fc N }, 

Bn = {IIi, n 2 , . . . , IIm, IIm+i, Bm+2, • • ■ j flew} 

be dual bases for and Sn respectively, so [Jz? ? ]n,j = for all 1? > M because <^ < M. Moreover, the elements 
[J^m+i], [j£?m+2]j • • • i V^c N \ of SS* N that are not in M must be linear combinations of those in M. because M. is 
maximal, so they annihilate for all ?? > M too. Then v(H$) — for all $ > M, and because v is injective, 11^ 
is therefore zero for all d > M. But this contradicts the fact that each 11^ is an element of a basis. We therefore 
conclude that M — Cjy, proving item 5. □ 

IV. FURTHER RESULTS CONCERNING THE SOLUTION SPACE S N 

In this section, we further explore some of the features and consequences of theorem 8 and preceding results. 
Specifically, we examine the consequences of assigning the conjugate charge to a chiral operator at a point other 
than X2N for each F-g G Bn, we show that each element of Sn equals a Frobenius series in powers of a^+i — Xi with 
i G {1,2, .. . , 2N — 1} (in some cases including logarithmic factors too), we associate a basis 2&n of "connectivity 
weights" with multiple-SLE K connectivity probabilities, and we note a connection between the zeros of the meander 
determinant and CFT minimal models [2-4]. 
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A. Conformal blocks and the elements of Bn 

To begin, we consider a natural generalization of elements of Bn created by allowing a point other than X2N to 
bear the conjugate charge. 

Definition 9. For c € {1, 2, ... , 27V}, we define F c ^ exactly as we defined F$ G Bn in definition 4, but without item 
2 (so the point x c bears the conjugate charge), and we assign F c ^ the same diagram as that for F$. 

According to the definition, we construct the formula for F Ct & from that of F§ by omitting the Pochhammcr contour 
surrounding x c (if it exists in the first place) and entwining the endpoints of the arc terminating at X2N in the diagram 
for F$ with a new Pochhammer contour (as long as that contour does not encircle x c ). (By definition, we clearly have 

^2N,fi = 

F# for all •& G {1,2,..., Cat}.) 

Morally, we expect that F c $ and F$ are different formulas for the same function for the following reason. In the 
proof of lemma 6, we established that an interval whose endpoints, neither of which equal x c , are entwined by a 
common Pochhammer contour is an identity interval of F c .fi. On the other hand, it is easy to show that an interval 
with one endpoint equaling x c and no integration contour crossing it or touching its endpoints is an identity interval 
of F c ^ too. Therefore, it may follow that F Ct # — F$ for all c G {1,2,..., 27V — 1}. 

To investigate this question, we study the case TV = 2 first. If x\ and xi are endpoints of a common arc and X3 and 
X4 are also endpoints of a common arc in the diagrams for F^i and i*2,i) then a Pochhammcr contour entwines x\ 
with X2 in the formula of the former, and a Pochhammer contour entwines X3 with X4 in the formula for the latter. 
But for both formulas, (£1,2:2) and (2:3, X4) are identity intervals, and {x2,Xs) and {x^x\) are mixed intervals. That 
is, the switch from c = 4 to c = 2 ostensibly does not change the asymptotic behavior of the original function F^i 
as we collapse any of these intervals. Hence, we suspect that F4.1 = 1*2,1, and indeed, we can verify this by using 
appropriate identities of hypergeometric functions. 

Motivated by CFT considerations, we surmise that this observation generalizes to cases with TV > 2. We interpret 
F c j as the 2TV-point conformal block with only the identity fusion channel propagating between each pair of one-leg 
boundary operators connected by an arc in the diagram for F c $. Because this property is independent of c, we 
speculate that the 27V ostensibly different elements Fi t $, F2.fi, . . . , F2N.fi of Sn are actually different formulas for the 
same element of Sn- To prove this by working directly with these different formulas appears to be very difficult. 

If conjecture 14 of [1] is true, then this supposition is indeed true. To prove it, we only need to show that 
v(F Ct fi) = v{F 2 N,fi) for all c G {1, 2, . . . , 2TV - 1} and all 1? G {1,2,..., C N } because of item 4 of theorem 8. The 
mentioned equality follows from repeating the calculation of v(F c ^) in the proof of lemma 6 with one adjustment. 
We always use an element of [Jzf^] whose last limit involves x c in order to evaluate [jSf s ]F c ^. If TV > 2 and c 7^ 1, 27V, 
then this element of [,£f ? ] may include at least one limit that sends a point to positive infinity and another to negative 
infinity. We did not mention this kind of limit in the introduction I of this article, but we studied it in detail in [1]. 
Ultimately, we find that indeed v(F c> #) — v(F2N.fi) for all c G {1,2,..., 27V — 1}. 

Corollary 10. Suppose that n G (0, 8). If conjecture 14 of [1] is true, then F cs = F c i^ for all c, t/ € {1,2, ... , 27V}. 

We will present a physical interpretation of these Cn distinct functions (really, the elements of Bn) as continuum 
limits of ratios of critical lattice model or 0(n)-model partition functions, one summing exclusively over a free/fixed 
side-alternating boundary condition event, and the other summing over the entire sample space. 

B. Frobenius series and the OPE of two one-leg boundary operators 

In this section, we consider series expansions of the elements of Sn in powers and logarithms of x i+ i — Xi for any 
i G {1,2,..., 27V — 1} and k G (0, 8). With some exceptions, we anticipate from its explicit formula that each element 
of Bn equals a sum of at most two Frobenius series in powers of Xj+i — Xi, with indicial powers of 1 — 6/k and 2/k 
respectively. If conjecture 14 of [1] is true and k is not an exceptional speed with q < TV + 1, then theorem 8 extends 
this property to all elements of Sn- 

However, if k G (0,8) is such an exceptional speed k', so Bn(k') does not span Sn(k'), then whether or not all 
elements of this solution space exhibit this series expansion is unclear. After all, we find explicit formulas for some 
elements of its alternative basis B' n {k!) (54) by Taylor expanding linear combinations of elements of Bn{k) in powers 
of k — k 1 and keeping only the lowest order term as we send k — > k'. This involves differentiating (21, 22) with respect 
to k, which introduces factors of log^i+i — Xi). 

Moreover, if 8/k G Z + , then the indicial powers 1 — 6/k and 2/k differ by an integer. We recall the following fact of 
an ordinary differential equation studied near one of its regular singular points [44] . If the zeros of the corresponding 
indicial polynomial differ by an integer, then typically there are two linearly independent solutions with the following 
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properties. One equals a Frobenius series in powers of the distance to the regular singular point, with its indicial 
power the bigger root of the polynomial. The other equals the sum of another such Frobenius series, with its indicial 
power the smaller root, and the product of the logarithm of the distance to the regular singular point multiplied by 
another such Frobenius series, with its indicial power the greater root. If this fact generalizes to the system (1, 2), 
then we may expect to see logarithmic factors multiplying these series expansions of the elements of Sn if 8/k G Z + . 

The following theorem shows that this is not quite the case. Logarithmic terms appear, but only if 8/k is an odd 
integer, i.e., if 8/k G Z + and k is an exceptional speed (39). 

Theorem 11. Suppose that F G S N , k G (0,8), and i G {1, 2, . . . , 2N - 1}. 

1. If conjecture 14 of [1] is true and 8/k is not an odd, positive integer, then F{k \ x) has the series expansion 



F(k\x) = (X i+ 1 -Xi) 1 6/K ^2 A m (n\xi,X 2 , ■ ■ ■ ,Xi,X i+2 , ■ ■ . ,x 2 N){x i+ i -Xi) m 

(57) 

+ (x i+1 - Xif /K ^ B m(K I Xl,X 2) ■ ■ .,Xi,X i+2 , ■ ■ .,X 2N )(x i+ i - Xi) m . 



m— 



Furthermore, if Aq — (resp. Bq — 0), then A m = (resp. B m = 0) for all m G Z + and the corresponding 
series in (57) vanishes. 

2. If conjecture 1^ of [1] is true and 8/k is an odd, positive integer, then F(k \ x) has the series expansion 

oo 

F(k I x) = (x i+1 - Xi) 1_6/K ^2 A m (n | x 1 ,x 2 , ■ . .,Xt,x l+2 , . . .,x 2N )(x i+1 - x l ) m 

m=0 

oo 

+ log(x i+ i - Xi)(x i+1 - x t ) 2/K ^ B ™( K I x i,x 2 , . . .,Xi,X i+2 , . . -,x 2N )(x i+1 - x t ) m (58) 

m=0 

oo 

+ (X l+ i - Xi) 2/K ^ C m (n\xi 1 X 2 , . . .,Xi,X i+2 , . . . ,X 2N )(x i+ i - X;) 1 ™. 



m=0 



Furthermore, if Aq = (resp. B = 0, resp. Cq — 0), then A m = (resp. B m = 0, resp. C rn — 0) for all 
m G Z + , and the corresponding term in (58) vanishes. Finally, Aq = if and only if Bq = 0. 

In either case, we have diAo = 0, Aq G iS/v-i, and A\ = 0. 



Proof. We only prove item 1 here, deferring the proof of item 2 to section A 5 of appendix A. First, we prove item 1 
for every element of Bn- Equation (38) shows that this is true if 4/k G Z + . If 4/k Z + , then because 8/k is not 
odd, 8/k G" Z + either, so we can use our findings in cases 1-4 in the proof of lemma 6. After choosing an F$ G Bn, 
we use corollary 10 to place the conjugate charge at a point other than Xi or Xi + \ and in such a way that, relative to 
the interval {xi, Xi+i), we are in either case two or three (but not case four) of figure 6. 

Just after (42), we showed that in case two of figure 6, Fd equals (x; + i — a^) 1-6 /" times a function of Xi+i that is 
analytic at Xi and that does not vanish there. Thus, F# has the form (57) with Aq ^ and B m = for all m > 0, 
and definition 13 of [1] implies that (2^,2^+1) is an identity interval of F$. 

In item 3 of the proof of lemma 6 and section A3 of appendix A, we show via (A10) that in case three of figure 
6, F# equals a linear combination of terms in case one and one term in case two. Because none of their integration 
contours surround or terminate at Xi or 2^+1, all case one terms equal (2^+1 — Xi) 2 l K times a function of 2^+1 that is 
analytic at 2^ and that, according to lemma 18 of [1], does not vanish there. Thus, F$ has the form (57) with Aq 7^ 
and Bq ^ 0, and definition 13 of [1] implies that (xi,Xi+\) is a mixed interval of F§. 

So far, we have proven that the elements of Bn exhibit the expansion (57) if k G (0, 8) and 8/k ^ Z + . If k is not 
an exceptional speed with q < N + 1, then according to theorem 8, Bn is a basis for Sn, so the proof is finished. If 
k equals an exceptional speed k' with q < N + 1, then Bn(k') is not a basis for Sn(k'), but the set B' n (k') (54) is. 
So to finish the proof of item 1, we show that its elements exhibit the expansion (57). 

From (48), we recall that the rank of Bn{k') is Cn — dw, where dN is the multiplicity of the zero k' of the meander 
determinant (49). If g > dN, then (54) shows that F' b (k') G B' n {k') is in the span of Bn(k') and therefore exhibits 
the expansion (57). And if g < dN, then 



F' e (K) = [ii(k)- n(n')] a e ^F^{n), g<d N , 



(59) 
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where a, s ,i, 0>g,2, ■ ■ ■ , a g,c N ar e constants that do not depend on n. According to the proof of theorem 8, the sum on 
the right side of (59) equals a e (n — n') + 0((k — n') 2 ) for some nonzero constant a e . Therefore, we have 

= ~ o ■ ii i n d K \ YJ ■ a e ,M K )] +0(k-k% g<d N , (60) 
07r sm(47r/K') L ^ — 'i? J «=«' 

with the first term on the right side non- vanishing. Next, we insert the expansion (57) for each F$ into (60), denoting 
its expansion coefficients as A^ rn and B^ m . Suppressing dependence on the points in {ajjKy^+i) we find 



F'(k|x 



k' 2 



(xj+i-Xi) 1 6/k V" a g #d K A# m (tf)(x i+ i-Xiy 

A — *v,rn 



8tt sin(47r/K') 

+ (x i+1 - Xi) 2/K Y] a Bt ed R B# m (K')(x i+1 - a;,)™ 

6 - ( 61 ) 



— g log(x i+ i - Xj)(x i+ i - a^) 1 6/k Y] a e ^A tf m («/)(:Ei+i 



2 

— ^ log(x i+ i - Xi)(x i+ i - Xi) 2/K } a e ^B^ m (K')(x i+ i 



+ 0(k-k'). 



Finally, we insert the expansion (57) for each F$ into the sum a ej iFi (k) + a e ^,Fi (k) + . . . + a e ^c N Fc N (k) appearing on 
the right side of (59) and evaluate the result at k = k'. By (52) this quantity vanishes, so we immediately find that 
both of the Frobenius series multiplying the logarithms in (61) vanish. Hence, the logarithmic terms in (61) vanish, 
so each element of B' n (k'), and therefore of Sn(k'), exhibits the expansion (57). 

Section A 5 of appendix A proves item 2. Finally, we can prove the claims diAg = and A\ = by inserting the 
expansions (57, 58) into the null-state PDEs centered on Xi and £i+i. We completed this analysis in the discussion 
preceding lemma 3 in section II of [1]. That A Q £ Sn-i is an immediate consequence of lemma 5 of [1]. □ 

Theorem 11 has consequences for the interpretation of elements of Sn as 2A-point CFT correlation functions. 
In CFT, one assumes the existence of an OPE between primary operators [2-4]. In our application, these primary 
operators are the one- leg boundary operators ipi(xi) and ipi(xi+i), and their positions in the Kac table limit their 
OPE content to conformal families of two other primary operators, the identity operator 1 and the two-leg boundary 
operator ip2(xi) [2-4]. After we insert their OPE into the correlation function, we discover that the correlation function 
exhibits the Frobenius series expansion described in theorem 11. In particular, the indicial powers stated in theorem 
1 1 follow from the conformal weights of the one- leg boundary operators and the primary operators in their OPE [2-4] : 

I 1 : indicial power = — 29i + 8 = 1 — 6/k ,„„,. 

^ X ^ = i i ■ a- ■ i o/3 , a oi ■ ( 62 ) 

I -02 : indicial power = — W\ + #2 =2/k 

(See (A14) in [1] for a formula for the conformal weight 9 S of the s-leg boundary operator in terms of k.) In this 
article and its predecessor [1], we establish the existence of these Frobenius series expansions by rigorous studying a 
solution space Sn for the system (1, 2) of PDEs that contains the mentioned correlation functions. Because correlation 
functions are the true observables of a CFT, one might interpret the CFT operators appearing within them as fictional 
entities that merely provide a useful notation for capturing the local properties of the correlation functions in which 
they appear. If one adapts this viewpoint, then theorem 11 establishes the existence and operator content of the OPE 

Interval Interval type Frobenius series expansion in powers of x%+i — Xi OPE content 

two-leg F(x i+ i) = (2:4+1 - £i) YJ B m {x i+1 - x l ) m tpi(xi) x ^i(a;<+i) = VaC^t) 

(Xi,Xi+i) m=l 

00 

identity F(x i+1 ) = (xi+i - Xi) 1 ' 6 ^ YJ A m (x i+1 - x x ) m tpi(xi) x ipi(xi+i) = 1 

m— 1 
00 

F(x i+1 ) = (x i+ i - £ 1 ) 1 ~ 6/k YJ A m (x l+1 - Xi) m 
mixed oQ m_ i>i{xi) x ^(xi+i) = 1 + ip 2 (xi) 

+ (x i+ i - Xi) 2/K YJ B m (x i+1 - Xi) m 

m — l 

TABLE II: Frobenius expansions of F £ Sn in powers of Xi+i — Xi relative to interval types for (xi,Xi+i). The right column 
shows the corresponding content of the OPE ipi(xi) x ^>i(xi+i). 



20 



between two one-leg boundary operators (i.e., (1, 2) Kac operators if k > 4 or (2, 1) Kac operators if k < 4), a result 
that was previously found by studying the CFT operator algebra [2] . 

The claim of theorem 11 that Ag £ Sn-i, 9%Aq — 0, and A\ — also have interpretations in terms of well-known 
facts of CFT. The first shows that the conformal family corresponding to the first Frobenius series is indeed that 
of the identity. The second shows that the identity operator is non-local. And the third shows that the level-one 
descendant of the identity operator vanishes. 

The proof of theorem 11 gives new definitions for the terms "two-leg interval," "identity interval," and "mixed 
interval." Because they depend only on the content of the Frobenius expansion of F £ Sn in powers of the distance 
between the endpoints of that interval, they seem to be more natural than those in definition 13 of [1]. Table II 
summarizes these new definitions for 8/k not an odd, positive integer. 

Theorem 11 also endows the terms "identity," "two- leg," and "mixed" interval in definition 13 of [1] with natural 
CFT interpretations via (62). Indeed, (62) implies that if is an identity (resp. two-leg, resp. mixed) interval, 

then only the identity channel propagates (resp. only the two-leg channel propagates, resp. both the identity and two- 
leg channels propagate) in the OPE of the one-leg boundary operators ipi(xi) and V'lX^i+i) located at the endpoints 
of this interval (table II). 

Logarithmic CFT (LCFT) anticipates the presence of the logarithmic factor appearing in the expansion (58) if the 
conformal weights of the primary operators appearing in the OPE of two one-leg boundary operators differ by an 
integer. These two conformal weights, 9o — and 62 = 8/k — 1, differ by an integer only if 8/k £ Z + . Theorem 11 
says that of these speeds, apparently only those with 8/k an odd, positive integer exhibit logarithmic factors while 
those with 8/k an even, positive integer do not. Although logarithmic factors do not appear when we bring together 
just two points among x±, X2, ■ ■ ■ ,X2N for other k £ (0,8), they may appear for some of these speeds if we bring 
together three or more of these points. Ref. [35, 45-49] and references therein give more information about LCFT. 
In particular, [46] studies the case K — 8 (a case that we do not formally consider in this article because it lies just 
outside of the range (0, 8)), and [47] considers the case n = 8/3. 

In definition 13 of [1], we did not distinguish an identity interval from a mixed interval of F £ Sn(k) in cases 
with 8/k a positive integer. But now, we can easily distinguish between these two interval types in these cases. If 
8/k is even, then F £ Sn(k) is a linear combination of the elements of Bn(k). In this case, if we increase k in this 
linear combination to k + e for some very small e > 0, and if (x{, x^i) is an identity (resp. a mixed) interval of this 
new linear combination, then we define (2^,2^+1) to be an identity (resp. a mixed) interval of F . We use the same 
method to distinguish an identity interval from a mixed interval in the case with 8/k odd, except that we decompose 
F £ Sn(k) over the alternative basis B' n (k) defined in (79) instead. 



C. Connectivity weights and multiple-SLE re curve connectivity probabilities 

In this section, we define connectivity weights. Our definition is formal, but in fact these quantities have physical 
significance, as discussed in the introduction I of [1] and to be discussed further in [30]. We will use their special 
properties to conjecture formulas for multiple-SLE K curve connectivity, or "crossing," probabilities. These formulas 
are basically given by the connectivity weights themselves, but with a proper normalization. Appendix A of [1] and 
[35] argue a relation between the inter-connectivity of the two curves anchored to the endpoints of an interval and 
that interval's type. (See definition 13 of [1] or table II.) At the end of this section, we use the physical interpretation 
of the connectivity weights as building blocks for crossing formulas to extend this argument. 

Item 5 of theorem 8 gives a natural basis 3§n for Sn that we present in the following definition. 

Definition 12. Supposing that conjecture 14 of [1] is true and k £ (0,8), we define 11^ to be the element of <Sjv that 
is dual to [Jz? s ] £ 38* N . That is 

[■^]n* = 8^,4 for all <;,*&£ {1, 2, . . . , C N }, (63) 

and we let 3§n = {III, U 2 , . . . , Hc N } be the basis for Sn dual to the basis 3§* N = {[j£?i], [-2a], • ■ ■ , [-%•«]} f° r S* N . We 
call n ? the <;th connectivity weight. Finally, we define the polygon (resp. half-plane) diagram for II ? £ SB^ to be the 
polygon (resp. half-plane) diagram for [_Sf f ] £ and wc refer to cither diagram simply as the diagram for IT,. 

Using the explicit formulas for the Coulomb gas solutions Fx, F2, ■ ■ . , Fq n given in definition 4, the meander matrix 
M/v ° n, and (44), we can calculate explicit formulas for the connectivity weights by inverting the relation 
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The formulas that follow from this approach are very complicated in general. However, if N is sufficiently small, 
then it is often possible to construct simpler formulas for the connectivity weights by starting with (21) and choosing 
integration contours prudently. Ref. [30, 35] investigate this further. 

According to (48), Mjv on(/c) is invertible if and only if k is not an exceptional speed k' (39) with q < N + l. Hence, 
if k is such a speed, then we cannot use (64) to calculate the connectivity weights of J? at explicitly. However, we may 
decompose n^A?') over the alternative basis B' n (k') by replacing in (64) F$ with F$ and M« with M' N , as defined in 
the proof of theorem 8. Because the elements of (Af^) -1 o n are continuous functions of n £ («/ — £,«' + e) for some 
e > 0, we can decompose H ? (k) over B' n (k) for all k in this interval to show that the limit of n^(«;) as k — > k! exists 
and equals H^(k'). 

The previous paragraph shows that we can alternatively invert (64) with k = n' + e and then send e — > to find a 
formula for U^(k') as a limit of a linear combination of elements of Bn(k) as k —> k' . This is advantageous because, 
unlike the elements of B' N , we already have explicit formulas for all of the elements of the former set (definition 4). 
But also, many quantities in this linear combination that grow without bound as k — > k' will necessarily cancel each 
other as we take this limit, making this limit definition for II f (/t') too unwieldy to use in explicit calculations. 

Now we glean some useful properties about the connectivity weights that are motivated by similar properties of 
their dual elements in £3* N . For example, after we execute the first limit l\ of an element of [Jz? ? ] <E SS* N , we are left 
with an element of some equivalence class in SS* N _ 1 , and because the former and latter equivalence class are dual 
to respective connectivity weights in SSjsi and £>§n-i, we expect that these connectivity weights exhibit a similar 
relationship. Namely, if n ? G 3§n, then fiH ? £ £$n-\- The following theorem captures this fact. 

Theorem 13. Suppose that H$ 6 is the "dth connectivity weight and k £ (0,8). If conjecture 14 of [1] is true, 
and 

1. (a) if Xi and x i+ i are endpoints of a common arc in the diagram for 11$ for some i £ {1, 2, . . . , 27V — 1}, then 

(xi, Xi+i) is not a two-leg interval, and 

lim (x i+ i - x i )^ K ~ 1 IL d (xi, x 2 , • ■ • , x 2N ) = S tf (xi, x 2 , ■ ■ ■ , a:,*-i, x i+2 , x 2N ), (65) 

where S$ is the "dth connectivity weight in £$n-i whose diagram is created by deleting this arc from the 
diagram for H$ . 

(b) if xi and x 2 n are endpoints of a common arc in the diagram for 11$ , then (x 2 n, X\) is not a two-leg interval, 
and 

lim (2t) 6/fi ' 1 U$(-t, x 2 , x 3 ,..., x 2 N-i,t) =S#(x 2 ,X3,..., x 2N _ 1 ), (66) 

t— >-oo 

where is the "dth connectivity weight in whose diagram is created by deleting this arc from the 

diagram for . 

2. (a) if Xi and are not endpoints of a common arc in the diagram for n# for some i € {1, 2, . . . , 2N — 1}, 

then (xi,Xi + i) is a two-leg interval. That is, 

lim (x i+1 - x i ) 6/K ~ 1 n${x 1 ,x 2 , . . . ,x 2N ) = 0. (67) 

(b) if X\ and x 2 n are not endpoints of a common arc in the diagram for 11$ , then (x 2 n,xi) is a two-leg interval. 
That is, 

lim {2t) 6 / K - 1 U, /) {-t, i 2 , ar 3 , ... , x 2N -i,t) = 0. (68) 

t— ^oo 

Proof. If item la (resp. 2a) is true, then we can immediately prove item lb (resp. 2b) by using the Mobius trans- 
formation employed in the proof of lemma 5 in [1] and imitating the part of that proof where this transformation is 
used. Therefore, it suffices to only prove items la and 2a. For this purpose, we choose an i G {1,2,..., 2N — 1} to 
use throughout the proof. 

We introduce some useful notation and note some useful facts first. We let = {[jSfi], [-^a], • • • , \^G N -\\\ c 
be the subset of all equivalence classes whose diagram has an arc with its endpoints at Xi and Xj+i, and we let 
^jv = {ni,n2, . . . ,Hc N _ 1 } C 38n- Furthermore, we let the symbol stand for an allowable sequence of limits in 
5^ r _ 1 involving the points in and we enumerate the elements of 8$%_\ — [^2], ■ • • , [-^Cn-i]} so 

the diagram for [^# s ] is created by removing the arc with endpoints at Xi and Xi+i from the diagram for [Jz? ? ] € 
Throughout this proof, we choose a representative for each [jSf f ] £ ^ that takes the limit Xi + i — > Xi first. This 
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limit i\ is formally defined in (6), and we can write Jzf ? = j^^t\ for some ^#<; € [«^]- Because € <Sjv-i for all 
F £ Sn according to lemma 5 of [1], lemma 12 of [1] says that 

[Jf q ]F = [^]l x F for all [Jzf f ] G ^ and all F £ S N . (69) 

We now choose an arbitrary 11,9 <E ^n and prove item la for it. First, if £ill,9 = 0, then (69) shows that = 0, 

contradicting the duality relation (63). Therefore, ^ill^ ^ 0. Furthermore, if [Jz? t ] £ ^f N , then after inserting (69) 
with F = into (63), we find 

[«^]H^ = 5<;,d for each q, i? G {1, 2, . . . , C N -i}, where 3,j := IiHg £ Sjv-i- (70) 

Because it satisfies the dual relation (63) relative to the elements of SS* N _ 11 3$ := t{tlfi is the $th connectivity weight 
in 33n-\. This proves item la. 

Now to finish, we choose an arbitrary 11,9 £ 3§n\ and prove item 2a for it. If [Jz? f ] £ 1? N , then <r ^ i9, and 
[Jz^II,, = 0. Now, (69) gives 

= [jSfjH, = K]5* for all [_%] G (71) 

In other words, w(E$) = 0, where w : 5jv-i — > IR* 7 ™- 1 is the map whose <rth component is w(F) q := [..#<, ].F. According 
to lemma 15 of [1], w is injectivc if lemma 14 of [1] is true. Therefore, £ill^ =: 3$ = 0. □ 

Ref. [5-9] describe the multiple-SLE K process. As we discussed in the introduction I of [1], this random process is 
completely defined up to an unspecified function called an SLE K partition function. 

Definition 14. A function F : Oo — >• K is an SLE K partition function if it solves the system (1, 2) and if F(x) ^ 
for all x £ flo- 

In appendix C of [1], we posit that any SLE K partition function satisfies the bound (4) and is thus an element of Sn- 
In the introduction I of [1], we anticipated the existence of a basis for Sn spanned by Cn distinct SLE K partition 
functions such that the <jth function conditions the 2N evolving multiplc-SLE K curves to join pairwise in the <rth 
connectivity almost surely. We also called this function the \th connectivity weight," and in the introduction I of [1], 
we anticipated that such a function would have the properties listed in theorem 13 in the case of percolation (k = 6). 
This leads us to conjecture that 38 n is this hypothetical basis and II,; is this hypothetical SLE K partition function. If 
this is true, then the two definitions for the term \th connectivity weight," one from [1] and the other from definition 
12 of this article, agree. In fact, we conjecture a more general law giving the probability of the <jth connectivity in a 
multiple-SLE K that uses any SLE K partition function. This naturally extends similar results derived for AT = 2 in [5]. 

Conjecture 15. Suppose that n £ (0,8), and consider a multiple- SLE K process that evolves 2N curves in the upper 
half-plane from the points x± < xi < . . . < X2N with the SLE K partition function F £ Sn- If conjecture 14 of [1] is 
true, then the probability P f (k \ x\, X2, ■ ■ ■ , X2n) that these curves eventually join pairwise in the <^th connectivity is 

vi 1 ^ [»ip/ ,TIA k \xi,x 2 ,.--,x 2 n) , r, n 1 

P q {K \xi,x 2 ,...,X2n) = -2? fthn r> {1,2,..., Cat}. (72) 

F(K\Xi,X 2 , ■ ■ ■ ,X 2 N) 

In [30], we assume this conjecture and use it to calculate new cluster crossing probabilities for various critical lattice 
models inside a 2A-sided polygon with a specified free- fixed side/alternating boundary. Then we verify our predictions 
with high-precision computer simulations, finding excellent agreement. 

We examine some implications of conjecture 15. We let F £ Sn be an SLE K partition function. Because F is 
necessarily nonzero, the ratio ([^]F)/F is positive for all ? £ {1, 2, . . . , Cn}- And because P q is necessarily positive 
too, (72) implies that the <jth connectivity weight II S is positive and is therefore an SLE K partition function. (In 
fact, the positivity of II ? combined with (64) implies that if n £ (8/3,8), then the elements of Bn are positive too. 
Therefore, they are SLE K partition functions, a fact that we will use in [30].) 

Next, we suppose that the SLE K partition function F equals the <^th connectivity weight. Then (72) with F = H S 
and the duality relation (63) immediately give P^ — 6^,0 for all <; £ {1, 2, . . . , Cn}- That is, the curves of a multiple- 
SLEK process with the ^th connectivity weight for its SLE K partition function join pairwise in ^th connectivity almost 
surely. This observation is consistent with the suppositions that we stated immediately above conjecture 15. 

We can choose x\ < X2 < ■ ■ ■ < X2N such that the ?th connectivity weight evaluated at these points is much larger 
than any of the other connectivity weights evaluated at these same points. (The first N — 1 limits of any element of 
[Jz? ? ] suggest where to explore the domain f^o (3) to induce this effect.) Indeed, as we take these limits, II,; becomes 
much larger than any of the other Cn ~ 1 connectivity weights.) The intermediate value theorem thus implies that 
F = aiHi + CI2II2 + . . . + ac N Tlc N is nonzero if and only if all of the nonzero coefficients of this decomposition have 
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FIG. 9: If the bottom side of the octagon is not (resp. is) a two-leg interval, then this octagon crossing probability goes to a 
hexagon crossing probability (resp. zero) as we shrink that side. 

the same sign. Now, if this latter condition is satisfied and we insert this decomposition into (72), then we find a 
more natural-appearing multiple-SLE K connectivity formula: 

Ps = — : Ff — ; tt ~ — ; s — > sign(aj = sign(a#) for all € {1,2, ... ,C N } with a f! a tf ^ 0. (73) 

ailli + a 2 n 2 + . . . + a CN Hc N 

Because the connectivity weights are positive, the alternative formula (73) immediately gives the necessary properties 
Pi + P2 + ■ ■ ■ + Pc N — 1 and < P q < 1 that are less apparent from (72). Also, this formula with theorem 13 shows 
that if we collapse an interval of II ? that is not (resp. is) a two-leg interval, then goes to a crossing probability for 
a multiple-SLE K with two fewer growth points (resp. zero) (figure 9). 

In [1], we described how an interval's type relates to the inter-connectivities of the multiple-SLE K curves anchored 
to its endpoints. Namely, the curves anchored to the endpoints of an identity interval (resp. two-leg interval) may or 
may not join together (resp. do not join together almost surely) to form one curve, or boundary arc. We call the pair 
of curves of the former (resp. latter) situation contractible (resp. propagating) . Theorem 13 and conjecture 15 affirm 
this property of the two-leg interval, and now we affirm this property of the identity interval. 

We define ^fjy = {III, II2, . . . , Hc N _ 1 } C S@n as in the proof of theorem 13, and we also enumerate the connectivity 
weights of S$n-\ = H2, . . . , Sc , N _ 1 } as in that proof. Furthermore, we write Cn — {Fi, F%, . . ■ , Fc N _ t } C Bn and 
Bn-i = {Gi, G2, • ■ ■ , Gcjv-ili where G# is such that its diagram is created by removing the arc with endpoints at X4 
and Xi+i from the diagram of F$ € Cn- The functions in SSn-i and Bn-i depend only on the points in 
(and on k). For each connectivity weight H s € SBn-x-, we use the decomposition 

Cjv-i 

s q (K\x) = J2KA K ) G #( K \ x ), ( 74 ) 

where the are the elements of the inverse of the meander matrix Mj^_ 1 o n, to define the following function: 

Cjsr—i 

8 : (0, 8) x fi -> R, e q (K\x) :=^2b^(K)F^(K,\x). (75) 

#=1 

In the formula for ? , we create Fg € Cn from G$ € Bn-i by inserting the points Xj, < x<+i between and Xi+2 
(resp. to the right of X2N-2, resp. to the left of X3) if i ^ 1, 2A^ — 1 (resp. if i = 2N — 1, resp. if i = 1) and entwining 
them with a new Pochhammer contour (figure 3). According to item 2 in the proof of lemma 6, if 8/k is not a positive 
integer, then {xi,Xi+i) is an identity interval of each F$ appearing on the right side of (75) and therefore of 9 ? . We 
can think of O,; as "almost" a connectivity weight in the sense that if we collapse the inserted interval (xj, Xj+i), then 
we recover n (27) times the original connectivity weight in (74). 

Next, we use (75) to decompose 6,; into a linear combination of the elements of Because 9 S goes to nS s after 
we collapse the interval (xj, Xf+i), only Tl q among the connectivity weights in appears in this linear combination, 
with coefficient n. Similarly, not every connectivity weight in 2$n \ ^n necessarily appears in this linear combination. 
To determine which do appear, we calculate [j£? e ]0 s for each [_Sf e ] g SSjq \ by acting on the right side of (75) 
with this equivalence class. In the diagram for [Jz? e ], the points x, and x^+i are not endpoints of the same interior 
arc, but in the diagram for each F^ G Cn appearing on the right side of (75), these two points are endpoints of the 
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FIG. 10: The index mapping \. The octagons' bottom side goes with (xi, a;i+i); the left octagon is the diagram for some 
[jSf e ] £ \ ^4*; and the right octagon is the diagram for [Jz? x (g)] £ "^4*. 

same exterior arc. The two distinct interior arcs join with this exterior arc to form part of the same loop in the 
polygon diagram for the product [Jz? e ]0 ? (with the polygon deleted). Next, we pinch these two interior arcs together 
at a point in the polygon and cut them there to form a new loop passing exclusively through the ith and (i + l)th 
vertex and separate from what remains of the old loop. In so doing, the diagram for F$ does not change, but the 
diagram for [J?f e ] changes to that for some [Jz? ro ] € ^ N (figure 10). This defines a map x{o) = w sending an index 
q G {Cjv-i, Cjv-i + 1, . . . , Cn} to one w e {1,2,..., Cjv-i}- Now, the diagram for [J-f-^^JG^ has one more loop 
than the original diagram [-S? e ]0^ that generated it. Thus, for all [Jzf e ] S 3S* N \ C £ N , we have [j£? e ]0 f = rT 1 [Jz? x ( e )]0 s . 
Earlier, we argued that because [-^(g)] € Iffa, we have [jS? x ( e )]0,j = n8 x ( e ) s - We therefore have 

6 S = nil, + J2 U e- (76) 

e=c N -i 
x(e)=s 

We use (76) to endow the inserted identity interval (2^, Xi + \) with the following interpretation that draws from the 
relation between multiplc-SLE K and statistical mechanics discussed in the introduction I and appendix A of [1]. To 
begin, we suppose that the alternating neighboring intervals (2^+2,2^+3), (xi+4, £1+5), ... to the right, and similarly 
to the left, of (xi,Xi+\) are wired. (In the introduction I of [1], we called this a free/fixed side-alternating boundary 
condition.) As a consequence, a (percolation, spin, FK, etc.) boundary cluster anchors to each wired side. In the 
diagram for each element of 38 n, we indicate these boundary clusters by coloring black the regions touching the 
wired intervals and lying between the boundary arcs anchored to the endpoints of those intervals. Now, to create a 
diagram for 0^, we modify the diagram for 11^ € 3$n by recoloring the lone black cluster anchored to the inserted 
identity interval (a;,, a?j+i) gray and extending this cluster so it touches every black cluster to which it has access 
(figure 11). (By "access," we mean that the gray cluster can access a black cluster if it can touch that cluster without 
crossing another black cluster.) Each connection between the gray cluster and an accessible black cluster represents 
the possibility that these two clusters join to form one, and each possibility corresponds with a unique connectivity for 
the multiple-SLE K curves. Because all of these possibilities, and nothing else, contribute to ? , we loosely interpret 
0^ as a (statistical mechanics) partition function summing exclusively over the <rth cluster crossing event with one 
adjustment: The anomalous cluster anchored to (a^,sfy+i) may or may not connect with any of the other boundary 
clusters accessible to it (figure 11). 

This interpretation of an identity interval is not strictly in terms of multiple-SLE K , as it appeals to statistical 
mechanics. We could try to obviate this appeal with this interpretation: In a multiplc-SLE K process with S for its 
SLE K partition function, the curves anchored to the endpoints of an identity interval can be either contractible or 
propagating, and if they are propagating, then only the connectivities corresponding to terms in the sum on the right 
side of (76) are allowed. 

However, after we change the linear combination (76) by introducing different nonzero coefficients (so (2^,2^+1) 
becomes a mixed interval of ? ), these arcs can still be either contractible or propagating as described. Thus, this 
multiple-SLE K interpretation of an identity interval serves as one for various mixed intervals too. Strictly from the 

FIG. 11: The decomposition (76). The diagram on the left is Bi; the first diagram on the right side is IIi £ the other three 
diagrams on the right are connectivity weights in SS^ \ ^4. 
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multiplc-SLE K perspective, it seems that we cannot differentiate between these two scenarios, at least physically. For 
this reason, we need to look beyond multiplc-SLE K to its applications in statistical mechanics in order to obtain 
satisfactorily different interpretations of these two scenarios. In [30], we will present arguments implying that 0^ is 
the particular statistical mechanics partition function described in the previous paragraph only if the identity interval 
[Xi, Xi+i) is independently wired (that is, not constrained to be in the same state as any other wired interval). Indeed, 
we will show that this last condition determines the (relative) coefficients of the decomposition of 0<j over &n, and 
these coefficients exactly match those in (76). 

The cth connectivity weight is the only connectivity weight appearing on the right side of (76) that conditions the 
pair of curves anchored to the endpoints of (xi,Xi+i) to be contractible. By isolating it from (76), we immediately 
discover that (Xi, Xi+i) is a mixed interval of 11^. However, it is not just any mixed interval, according to theorem 
13. Rather, it is a mixed interval generated by a special linear combination of an identity interval and a two-leg 
interval, appropriately weighted so the multiple-SLE K curves anchored to its endpoints eventually join to form a 
single contractible boundary arc almost surely. If we collapse such an interval, then this boundary arc contracts to a 
point and vanishes from the system, and the boundary cluster that it encloses contracts to a point and vanishes too. 
We call this special kind of mixed interval a zero-leg interval (figure 12). Theorem 13 implies that if we collapse a zero- 
leg interval of the <jth connectivity weight II S 6 3$n, then this connectivity weight goes to an appropriate connectivity 
weight in S$n—x, an d conjecture 15 implies that its associated crossing probability P s goes to an appropriate crossing 
probability for the new system with 2N — 2 points (figure 9) . 

In contrast to the zero-leg interval, if we collapse a two- leg interval of the <^th connectivity weight in SB jy, then the 
boundary cluster previously anchored to it now anchors to the single point that the collapse leaves in its wake. The 
two multiple-SLEK curves, or "legs," that surround this boundary cluster, anchor to this point too, which explains the 
term "two-leg interval" (figure 12). Theorem 13 implies that if we collapse a two-leg interval of the <rth connectivity 
weight in S§n, then this connectivity weight and its associated crossing probability P s go to zero, a fact consistent 
with this statistical mechanics interpretation: The probability that a boundary cluster touches a specific point in a 
free segment within the system's boundary (conditioned on a free/fixed side-alternating boundary condition [1]) is 
zero (figure 9). 

At the end of section IV B, we noted that as we collapse either an identity interval, a two-leg interval, or a zero- 
leg interval (the latter being a kind of mixed interval), the one-leg boundary operators anchored to the endpoints 
of that interval fuse, and their OPE respectively contains only the identity family, only the two-leg family, or a 
particular linear combination of the identity family and the two-leg family. In light of the previous paragraph, we 
can interpret the content of these OPEs in terms of the inter-connectivities of the boundary arcs anchored to that 
interval's endpoints (figure 12). Appendix A of [1] and [35] present this interpretation in more detail. 

Incidentally, it is easy to use lemma 15 of [1] and item 2 of theorem 8 to prove that if conjecture 14 of [1] is true, 

Cn 

e, = ran,. + J2 n e 

Q— Cjv-1 

x{q)=<> 

identity interval zero-leg interval two-leg interval 
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FIG. 12: Relation between the interval types, the inter-connectivities of the associated boundary arcs, and the OPE content of 
the associated one-leg boundary operators. (See table II.) 
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then the set 

Bat := {61,62, . . . , ©Cjv_i, nc Ar _ 1 +i,n Cw _ 1 +2, ■ ■ ■ ,n Cjv } 

= {© 1 ,e 2 ,...,e Cjv _ 1 }u(^ Af \^v) 1 j 

is a basis for Sn ■ Because (xi,Xi + i) is either an identity interval or two- leg interval of each element of B^r, each 
equals exactly one Frobenius series in powers of Xi+\ — xi if 8/n > 1 is not an odd, positive integer. For this reason, 
this basis may be easier to use in calculations with Xj+i very close to Xi than the alternative bases Bm or SS^. 



D. Exceptional speeds, the O(n) model, and CFT minimal models 

In this section, we note the relation between exceptional speeds (39), the special 0(rt)-model loop fugacity n q y 
(46), and the CFT minimal models [2-4]. The correspondence (27) between the 0(n)-model loop fugacity and the 
SLE K speed k is expected to hold only for n > 2 [12, 13, 38, 39]. If n qA > > 0, then exactly two exceptional speeds k! 
in the range [2,8] have ti(k') = n q y. These are 

K q ,g> = Aq/j, n q , 2q - q > = Aq/(2q - q'). (78) 

These speeds are respectively in the dense and dilute phases of either SLE K or the O(n) model, and they are in the 
range [8/3,8]. If n q<q > < 0, then exactly one exceptional speed k' — K q , 2 q-q' hi this range has n(n') — n q>q >. Here, 
k' G [2,8/3] and is thus in the dilute phase. Some well known examples are 71-2,1 = corresponding to K2,i = 8 (the 
uniform spanning tree) [50] and k 2 .3 = 8/3 (the self-avoiding walk) [51], and n 3 2 = 1 corresponding to k 32 = 6 
(percolation cluster boundaries) [52, 53] and K3.4 = 3 (Ising spin cluster boundaries) [54]. 

All of these examples of exceptional speeds have CFT minimal model descriptions. Indeed, if we insert the excep- 
tional speed k' — n q , q > into the formula (9) for the central charge, then we find the central charge of a (p,p ! ) minimal 
model, with p — maxjg, q'} and p' = min{q, q'}. We will explore the connection between exceptional speeds and 
minimal models further in [29]. 

The case k = k' € (0, 8) with ti(k') = n 2 ,i = has some distinctive features that we explore. Here, 8/k' is a positive, 
odd integer. Furthermore, Bn(k') exhibits c?Ar(2, 1) = Cjv distinct linear dependences, and because the cardinality of 
Bjv(k') is Cm too, we infer that each of its elements equals zero. Therefore, according to the definition of the other 
linearly independent set B' n [k') used in the proof of theorem 8, we can set = in (53), and the discussion 
surrounding (56) implies that m\ = m 2 = . . . = mc N = 1 in (54). That is, to restore Bn(k!) to a linearly independent 
set B' n (k'), we drop the outer factor of n(n) from the prefactor (28) before sending k — > k' , as we proposed earlier in 
the discussion following definition 4. Thus, B' n (k') is given by 

B' n {k') = \ Km n(«) _1 fi(/s), km n{n)- l F 2 {n), . . . , lim n(K)- 1 F Cn {k)} . (79) 

Dropping the factor of n from each element of Bn amounts to dividing each element of the meander matrix o n 
by n. This creates the new matrix M' N o n whose determinant equals that of Mjy o n divided by n° N . Because the 
zero n(«/) = n 2 ,i — of the latter determinant has multiplicity C/v, the determinant of M' N o n(n) does not vanish 
for all k sufficiently close to n' , a condition necessary for B' N (n') to be linearly independent. 

A closer study of the matrix M' N o n(K') reveals more information about B' n (k') for the case n{n') = 0. According 
to (44), the q, $th element of M' N o n(n') equals n{n') l,i -' ~ 1 if > 1, and because n(n') = 0, this latter quantity 
equals zero. Furthermore, the discussion following (44) shows that [Jz^JF^k') = 1 if l^^ = 1. Now, because the 
determinant of M' N o n(n') is not zero, each column of this matrix must have at least one nonzero element. Therefore, 
for each d £ {1, 2, . . . , Cat}, there is a <^ = cr(i?) € {1, 2, . . . , Cjv} such that = 1. In other words, for each exterior 
arc connectivity diagram, there is a corresponding interior arc connectivity diagram such that the product of these 
two diagrams (figure 8) contains exactly one loop comprising the arcs of the original two diagrams. Furthermore, 
it is easy to see that the corresponding interior arc connectivity diagram is unique, so a is a bijection. Therefore, 
{Jz?<;}F$( K ') — ^ ? .(t(i5)! an d F^(k') equals the cr($)th connectivity weight U^^^k'). 

The fact that F^(k') = H^^^k') is consistent with the behavior of elements of B' n (k') under interval collapse when 
n(/t') — 0. Indeed, if we collapse an interval / whose endpoints are joined by an arc in the diagram for F#, then F!g 
goes to n times an element of B' N _ 1 . Because this element is nonzero, I is a two-leg interval of F$(k) if and only if 
n(/t) = 0, as in our present situation with k = k 1 . And because [jS^^Ji^f/c') ^ 0, no arc in the diagram for [Jzf^)], 
or TL a (s) for that matter, can connect the endpoints of /. And according to theorem 13, I is therefore a two-leg 
interval of n^), a necessity because Tl a ($\ («;') = F#(k') after all. 

Beyond the exceptional speeds n such that ti(k) = 0, other exceptional speeds endow Bn with interesting charac- 
teristics. For example, k — K^ t2 — 6 corresponds with the (3, 2) minimal model, which describes critical percolation 
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[14, 52, 53]. After inspecting the system (1, 2), we see that a constant function solves it only if k = 6, and it turns 
out that the constant solution plays a significant role in Sn{i*3, 2 )- Because n{i*3,2) = 1, each element of the meander 
matrix M o n(«3 2) is one, so this matrix and Bn {1*3,2) both have rank Cn — d^(3, 2) = 1. Furthermore, the map v 
of item 5 in theorem 8 sends each element of Bn {1*3,2) to v{l), so according to item 4 of theorem 8, Bn {1*3,2) = {1} 
if conjecture 14 of [1] is true. These observations allow us to indirectly evaluate the Coulomb gas integrals that 
appear in each element of Bn {1*3,2)1 with the result that for the points x\ < xi < . . . < X2N-1 and any collection 
{r l7 r 2 , . . . , Tjv-i} of simple, nonintersecting contours connecting all but one of them pairwise, 

du\ du2 ■ ■ ■ duN-i 

TVi /o\2N-2 2N ~ X 

= 7(2/3)^ n^-^-r 173 - (80) 

We recall that the symbol AT appearing in the integrand orders the differences in the factors of the integrand as 
prescribed in definition 4 so the Coulomb gas integral is real- valued. 

In context with CFT minimal models, we study the set Bn with k an exceptional speed further in [29]. 

V. SUMMARY AND POSSIBLE EXTENSIONS 

The goal of this article and its predecessor [1] is to prove that the space Sn of all classical solutions for the system 
(1, 2) satisfying the growth bound (4) has dimension Cn, with Cn the Nth Catalan number (5), and is spanned 
by Coulomb gas solutions (definitions 1 and 4 and (21, 22)). Our main result, theorem 8, proves that Sn has these 
properties if conjecture 14 of [1] is true. To obtain this result, we first constructed a linear mapping v : Sn — > R 
and proved that v is an isomorphism and dim<S/v < Cn in the previous article [1], assuming conjecture 14 of [1]. 
In section II of this article, we construct a set Bn '■= {Fi,F 2 , . . . ,F Cn } C Sn of Cn Coulomb gas solutions using 
the Coulomb gas (contour integral) formalism of conformal field theory (CFT). In section III, we prove lemma 6. 
This lemma states that if conjecture 14 of [1] is true, then v{Bn) '■= {v{Fi), v{F 2 ), . . . , v{Fc N )}, and therefore Bni is 
linearly independent if and only if the Schramm-Lowner Evolution (SLE K ) parameter k is not an exceptional speed 
(39) with q < N + 1. We prove this lemma by identifying the matrix formed by the columns of v{Bn) with the 
Gram matrix of an inner product on the Temper ley- Lieb algebra TL]v(n), called the "meander matrix" [28], and 
corresponding the zeros of its determinant with these exceptional speeds. If k is one of these exceptional speeds, 
then we use Bn to construct an alternative set B' N C Sn of Cn Coulomb gas solutions that is linearly independent. 
This proves theorem 8, our main result. In section IV, we state some corollaries that follow from these results. In 
particular, we prove that when any two neighboring points approach each other, at most two Frobenius series arise, 
except for certain special k values, where a logarithmic term is possible. This establishes part of the Operator Product 
Expansion (OPE) assumed in CFT. We also note a connection between SLE K exceptional speeds and CFT minimal 
models, and we use our results to delineate a method for calculating multiple-SLE K connectivity weights. (See the 
introduction I of [1] and conjecture 15.) 

All of the results of this article and its predecessor [1] assume conjecture 14 of [1], so proving it is the most important 
task left. In appendix B of [1], we outline a possible proof. Furthermore, it may be true that Sn contains all classical 
solutions for the system (1, 2), not just those subject to the bound (4), and we give arguments for why this may be 
true in appendix C in [1]. Finally, our results are restricted to k 6 (0,8), or all SLE K parameters for which the SLE K 
curve is not space-filling almost surely. This range contains most of the commonly studied critical lattice models (with 
uniform spanning trees, for which k = 8 [50], an apparent exception). An extension of our results to all k > would 
be interesting, and the conclusion of [G] suggests a possible way to do this. 
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FIG. 13: The four cases of interval collapse. The dashed curves connect the endpoints of the interval to be collapsed, and the 
solid curves are the integration contours. 



Appendix A: Asymptotic behavior of Coulomb gas integrals under interval collapse 

In this appendix, we calculate the asymptotic behavior of the Coulomb gas integral Im (22) as the interval (xj, Xj+i) 
is collapsed and with the powers Pi and 7 satisfying constraints consistent with (23, 24). In what follows, we assume 
that all integration contours are simple, nonintersecting curves with endpoints at the branch points x\, X2, . . . , X2N 
of the integrand. The results that we find remain true when these simple curves are replaced by nonintersecting 
Pochhammer contours entwining the endpoints of those curves (as is needed for k < 4, see definition 4). 

There are four different cases to consider (figure 13). In the first case, no contour among {r m } has an endpoint 
at either X4 or Xj+i. In the second case, one contour T\ follows along and just above (2^,2^+1) with endpoints at Xi 
and ij+i. In the third case, one contour Ti has exactly one endpoint at either Xi or Xj+i, and no contour has an 
endpoint at the other point. In the fourth case, one contour Ti has an endpoint at Xi, and a different contour T 2 has 
an endpoint at Xi+\. 

In order to compute the asymptotic behavior of Im(xi, X2, ■ ■ ■ , X2n) as x^+i — » Xi in each case, we typically need to 
deform one or two of the integration contours. To correctly account for the phase factors that arise from this action, 
we must specify which branch we are using for the logarithm function. We choose the branch with — 7r < arg(z) < 7r 
for all z£C. Thus, the integrand of (22), viewed as a function of the integration variable Uj, has branch points at xi, 
X2, . • • , X2N1 u Xi u 2, ■ ■ ■ , Uj-i, Uj+\, . . . , um, and one branch cut anchoring to each branch point and following the real 
axis rightward. (If k is an exceptional speed, then these statements are not quite true and need refinement. We will 
consider these special cases in [29].) These conventions imply the following useful identity. Suppose that x, u, e, ft e K 
with x < u. Then for positive e < u, we have 

(x- (u±ie)f =e^ lfi {u±ie-xf. (Al) 

Figure 14 show the phases accrued by the integrand as a consequence of this identity. Now we are ready to address 
the four cases of interval collapse. 

1. The first case 

In the first case, no contour of Im has endpoints at either Xi or Xj+i. In this case, we find the behavior of 
Im(x±, X2, ■ ■ ■ ,X2n) as Xi + \ — > Xi trivially by setting x,_|_i = Xj in its formula. 




FIG. 14: Monodromy factors accrued by (x — u)° as u passes above or below (upper illustration) or winds around (lower 
illustration) the branch point x (open circle on the real axis). 



29 



2. The second case 



In the second case, the contour Ti of Im (22) follows just above {xi, a^+i) with endpoints at X4 and 2^+1. We find 
the behavior of the definite integrals with respect to U2, U3, • ■ • ,um as 2^+1 — >■ Xi by setting = Xi, but we treat 
the definite integral with respect to ui with care because U\ is drawn in with the limit Xi + \ —> X{. This first definite 
integral has the form of I\ (22) as a function of Xi, X2, ■ ■ ■ ,X2N, U2, U3, . . . , Um with each u m £ T mi and this I± 
completely determines the asymptotic behavior of Im- (For 2 < m < M, we take each u m to be real by forcing T m 
to touch the real axis there. Also, we take every such u m to not be in (xi, 2^+1) by deforming r m , if necessary, so it 
arcs over infinity instead of over (xi,Xi+i).) If we relabel these K — 2N + M — 1 variables in ascending order as x\, 
X2, ■ ■ ■ , xk (and change the value of i so i — 1, i and i + 1 are respectively still the indices of the original points Xi-i, 
Xi and Xi+i before the relabeling), then the integration with respect to u\ that appears in Im is 



Zi({Pj}\ [xi,x i+1 ] \ x 1 ,x 2 ,...,x K ) 



du\. 



(A2) 



The symbol N orders the differences in the integrand so the integrand is a real- valued function of U\ £ 
(definition 4). (Throughout this appendix, we use this symbol to order differences in factors outside of the integrand 
so they are real-valued too. In so doing, all expressions we encounter are real-valued.) After replacing u\ with 
u(t) = (1 — t)xi + txi+i and factoring the dependence on Xi+i — Xi out of the definite integral, we find the asymptotic 
behavior of 2i({/?j} | [x^Xi+i] | x x , x 2 , ■ ■ ■ , xk) 



I [Xi,X i+1 ] I xx,x 2 , ■ ■ -,x K ) 



(x 



t+1 



Xi) 



rjpi + i)r(ft+i + 1) 

T{fii + ft+i + 2) 



(x 



n ( 



i+l 



ft-, 



n 



(A3) 



If Pi < —1 or Pi + i < —1, then the definite integral (A2) on the left side of (A3) diverges. However, we may analytically 
continue the result (A3) to fa < —1 or fa+\ < —1 by replacing Ti with the Pochhammer contour ,^(xj, Xi+i) (figure 
3) and multiplying the right side of (A3) by 4e'"( /3i-/3i + 1 ) sin nfa sin nfa+i . 

Now we use (A3) to prove item 2 in lemma 6. We let Zi be the definite integral with respect to u\ in (21, 22); we 
set M = N — 1, X2N+m = u m for all m G {1, 2, . . . , N — 1}, and fa — fa+i — ~ 4/k; and we assign the other powers 
f3j in (A3) as dictated by (23, 24). Supposing that 8/k is not an integer, we find that if the contour Ti of F$ 6 Bn is 
Xi + {\ or entwines Xi with x^+i, then l\F$ (6) equals n times an element of B^-i with contours r 2 , T 3 , . . . , T n_i 
the same as those for F#. This factor of n arises because N factors of n remain after the limit, one more than what 
accompanies the elements of Bn-i- 



3. The third case 



In the third case, one contour Ti of Tm has exactly one endpoint at either Xi or a^+i, and no contour has an 
endpoint at the other point. Without loss of generality, we suppose that one endpoint of Ti is X4, and for the purpose 
of proving lemma 6, we can also assume that Ti follows just above (xj_i, X4) with its other endpoint at Xi-\. We find 
the behavior of the definite integrals with respect to w 2 , U3, . . . ,%j as Xi+i — » x$ by setting Xi + \ = Xi, but we treat 
the definite integral with respect to u\ with care because the difference Xi — u\ is always much smaller than Xj+i — u\ 
for some u\ € T\, regardless of how close Xi+i is to X{. This first definite integral has the form of I± (22) as a function 
of x\, X2, • ■ • , X2N, U2, 1*3, . . . , um with each u m £ T m , and this T\ completely determines the asymptotic behavior of 
Im- (For 2 < m < M, we take each u m to be real by forcing T m to touch the real axis there. Also, we take every 
such u m to not be in (xi, Xi+i) by deforming T m , if necessary, so it arcs over infinity instead of over {xi, x^+i).) If we 
relabel these K = 2N + M — 1 variables in ascending order as x\, x 2 , ■ ■ ■ , xk (and change the value of i so i — l,i 
and i + l are respectively still the indices of the original points Xi-i, Xi and Xi+i before the relabeling), then the 
integration with respect to U\ that appears in Im is 



Ii(x u x 2 , ...,x K ):= IxiiPj) I [xi-x,Xi] \ Xl ,x 2 ,...,x K )= / N 



Hiui-xjft 



dm. (A4) 



30 



We require that the sum £ ■ (3j equals an integer so infinity is not a branch point and the branch cuts anchored to 
branch points x\, x%, ... , xk-i terminate at xk- We also require that the sum is less than negative one, so the definite 
integral converges if either of the limits of integration is infinite. This is consistent with (21, 22) because the powers 
of the first contour integral in (22), when cast in the form (A4), satisfy 

^ = -1, A = ft+i = -4/k, fa = -4/k or 8/n or 12/« - 2 for j ^ 1. (A5) 

We note that some of the /3j with j ^ equal the value 8/k of 7 in (24). This happens because some of the 

points among xi, X2, • ■ • , a?»— ij £i+2, ■ ■ • , 2; if are integration variables of the other definite integrals in Im- (That the 
sum on the left side of (A5) equals negative two is directly related to the neutrality condition previously mentioned 
in section II. See the discussion surrounding (B18) in appendix B for further details.) 

To calculate the asymptotic behavior of Ii(x\,x%, . . . ,xk) as Jfy+i — ► Xi, we rewrite it as a linear combination of 
the {Ik}k^i-i,i+ii with Ik(xi, x%, ■ ■ ■ , xk), defined as in (A4) except with its limits of integration at Xk—i and Xk- 
If Pk—i < — 1 or /3fc < — 1, then Ik diverges, but we may analytically continue it to these values by replacing its 
integration contour with the Pochhammer contour £P(xk-i, Xk) and dividing by 4e T ™(i 3 ' c - 1 ~^ fc ) sin7r/3fc_i sin. n /3k- 

In the analysis that follows, we will also divide by sin7r(/3i + A+i). To ensure that none of these quantities are zero, 
we assume that 



/3 k & Z~ for all 1 < k < K, fa + f3 l+1 Z. (A6) 

Taken with (A5), (A6) implies that that 8/k g Z+. 

Integrating along a large semicircle of radius R with counterclockwise (resp. clockwise) orientation in the upper 
(resp. lower) half-plane and with its base on the real axis gives zero according to Cauchy's theorem. As R —> 00, the 
integration along the circular part of the semi-circle vanishes as R^j^ j+1 , and we find (with the — (resp. +) sign 
corresponding with the upper (resp. lower) half-plane setting) that 

K 

£ e ±Ti£fUA/ fc+1 =0 . (A7) 

k=l 

(Here, we identify xk+i with x\ and Pk+i with so Ik+i = h-) Now, we can use (A7) to solve for Jj (A4) in 
terms of the Ik+i with k 7^ i + 1 (figure 15). This gives 

Ta — i a \ J k+l + 2, -■ Ta : a r-*fe+l : Ta~~S \ A ° 

sm7r(/?j + ft+i) k ^_ 2 smn(/3i + /3 i+1 ) sin7r(ft + /3 l+:L ) 

In (A8), the definite integral Ik+i with fc 7^ i (resp. k = i) falls under the first (resp. second) case, so from sections 
A 1 and A 2, we find the asymptotic behavior 



Ii(xi,x 2 , . . -,x K ) 
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— :J sin7r(/3 i + A+i) A 

K 

E 



A' 



( Wl 



A' 
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FIG. 15: The third case. The dashed curve connects the endpoints of the interval to be collapsed. We push the integration 
contour from [xi-i,Xi] onto all intervals except [aii+i, 2^+2]- 
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In the present case of (A5), we have Pi + Pi+\ < — 1. Hence, the last term blows up as Xi+i — > Xi while the others 
remain finite, and we have the final result (assuming (A6)) 



I i (x 1 ,x 2 , . . . ,x K ) ~ 

_ sin7rA +1 r(A + l)r(A+i + l) 
sin7r(A + ft+i)r(A + A+i + 2) 



A' 



ft+A+l<-l. (A10) 



We note that (A10) is identical to (A3) except for the ratio of sine functions and the factor of negative one multiplying 
the former. With (A5), we see that this ratio equals the reciprocal of the O(n) fugacity factor (27), and it justifies 
the factors of -nT 1 that appear in case 3 of figure 6 and the middle two lines of figure 7. 

We can show that the right side of (A10) gives the asymptotic behavior of ij+2(xi, x 2 , ■ ■ ■ , %k) by repeating all of 
the above steps. This completes our analysis of the third case. 

Now we use (A10) to prove item 3 in lemma 6. This proof is the same as that presented at the end of section A 2 
with one exception. The ratio of sine functions in (A10) equals n _1 after we set ft = ft + i = — 4/k, and this factor 
removes the extra factor of n noted in that previous case. So supposing that 8/k is not an integer, we find that if the 
contour Ti of F& € Bn touches or surrounds cither Xj or Xj+i but not both, then £\F§ (6) equals an element of Bm-i 
with contours I^, T3, . . . , r./v-i the same as those for F#. 



4. The fourth case 



In the fourth case, one contour Ti of Im ends at Xi, and a different contour T2 ends at Xj+i. For the purpose of 
proving lemma 6, we only need to compute the asymptotic behavior of the last term in the sum of figure 7 as we 
collapse the middle interval. Thus, we suppose that T± (resp. I^) follows just above (xi-i,Xi) (resp. (Xj+i, Xi+2)) with 
its other endpoint at x^i (resp. Xi+ 2 ). We find the behavior of the definite integrals with respect to 113, W4, . . . , um 
as Xi + i — > Xi by setting Xj+i — x^, but we treat the definite integral with respect to u% (resp. u 2 ) with care because 
the difference Xi — u\ (resp. u 2 — Xj+i) is always much smaller than Xi+i — u\ (resp. u 2 — Xi) for some u\ € T\ (resp. 
u 2 G r 2 ), regardless of how close Xi + i is to Xi. Together, these first two nested definite integrals have the form of 
I 2 (22) as a function of x\, x 2 , . . . ,x 2 n, U3, U4, . . . ,Um with each u m 6 r m , and this I 2 completely determines the 
asymptotic behavior of Im- (For 3 < m < M, we take each u m to be real by forcing T m to touch the real axis there. 
Also, we take every such u m to not be in (x^, a^+i) by deforming T rn , if necessary so it arcs over infinity instead of 
over (xi, Xi+i).) If we relabel these K — 2N + M — 2 variables in ascending order as x\, x 2 , . . . , xk (and change the 
value of i so i — 1, i, i + 1 and i + 2 are respectively still the indices of the original points a;j_i, Xi, and Xi+ 2 before 
the relabeling), then the integration with respect to u\ and u 2 that appears in Im is 



I iti+2 (xi,X2, . . . , x K ) := l 2 {{Pj}\ 7 I [xi-i,Xi], [x i+ i,Xi +2 \ \ xi,x 2 ..., x K ) 



K 



J|(ui -Xjfi (u 2 - Xj fi (U2-U1)' 
3 = 1 



du 2 dui. (All) 



For the same reasons that we stated previously, we require that the sum ^ . , 
one. Here (as explained just above (A5)), the powers j3j and 7 satisfy 



7 is an integer less than negative 



r — ,K 

2^ - _ i Pj + 7 = -2, Pi = i+1 = -4/k, 7 = 8/k, fa = -4/« or 8/k or 12/k - 2 for j ^ i,i + 1, 



(A12) 



so this condition is fulfilled. 

To calculate the asymptotic behavior of Ii^+ 2 {x\ 1 x 2 , . . . ,Xk), we pursue the strategy we used in the third case. 
We rewrite h^+ 2 as a linear combination of the elements in {Ij,k}j,k^i,i+2, where Ij t k is defined as in (All) except 
with its ui (resp. u 2 ) limits of integration at Xj-\ and Xj (resp. Xk-i and Xk)- All definite integrals in the linear 
combination fall under the first or second case, so their asymptotic behavior is already understood. 

We make an exception to the definition of Ijj, when j = k. Due to the factor (u 2 — ui) 1 appearing in the integrand 
of Ij t k, it is impossible for the symbol A^ in (All) to order the differences of the integrand of any Ijj to ensure that 
the double integral is real. However, we note that 
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FIG. 16: The fourth case. We push the left (resp. right) integration contour from [xi-i,Xi] (resp. [:ri+i, 2:4+2]) onto all intervals 
except [x i+ i, x i+2 ] (resp. [xi-i,Xi]). 
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du2<lu\, (A13) 



and because these double integrals are real, we redefine Ijj to be either of them. 

If ft-i < —1 or ft < —1 or ftfc_i < —1 or ft. < —1 (resp. or 7 < —1), then Ij k (resp. Ijj) diverges, but we 
may analytically continue it to these values by replacing its integration contours with Pochhammer contours and by 
dividing by the appropriate prefactors appearing on the right side of (26). In the analysis that follows, we will also 
divide by sin7r(ft + ft+i) and by sin7r(ft + ft+i + 7/2). To ensure that none of these quantities are zero, we assume 
throughout that 



ft IT for all 1 < k < K, ft + ft +1 g Z, ft + ft+i + 7 /2 £ Z. 



(A14) 



Taken with (A12), (A14) implies that that 8/n £ Z+. 

We now repeat the steps of case three. This is straightforward but tedious. Because the complete result is 
complicated and unnecessary for our purposes, we immediately specialize to cases with certain conditions imposed on 
the ft and 7 that follow from (A12). After integrating 1*2 in (All, A13) just above or below the entire real axis and 
using Cauchy's theorem, we find in analogy to (A7) above, 



i-1 



(A15) 



k=l 



k—i 



(Here, we identify Xk+i with X\ and ftf+i with ft, so /i,A'+i = h.i ) We solve this system of equations for U.i+i in 
terms of the h t k+i with k ^ i — 1. The result is (figure 16) 



i-2 



.,i+2 



\- sin7r(ELfc+i ft +7/2) 
£j sin4ft + ft +1 +7/2) 



sin7r(ft +7/2) 
sin7r(ft+ft+i+7/2) 



T V* sin7r (Dt«ft +7/2) s 

' sin ?r(ft + ft+i + 7/2) 



A:=;+2 



Now, if we desire the asymptotic behavior of h.i+i for general ft and 7 with ■ ft + 7 an integer less than negative 
one, then we must solve for the remaining Ii k+i m terms of the Ij t k+i with j ^ i + 2 by using the same method that 
led to (A15) and then (A16). For arbitrary ft and 7, this task is very tedious. Indeed, if ft + ft+i < —1 as it is 
here (A12), then after we solve for i^j+i in terms of the with j ' ^ i + 2, we find that each term in this new 

expression for /j,i+i blows up like — XiY i+ ^ i+1+1 as Zj+i — > Xi. Simultaneously tracking all of these very large 

terms is difficult. However, because ft + 7/2 = here (A12), the term in (A16) that contains Zj^+i vanishes, so this 
complication does not arise. So far, we have used the conditions 



y;* ft+7ez-\{-i}, ft +7/2 = 0, 
i — '7=1 



(A17) 



from (A12). To address the other terms in (A16), we integrate U\ in (All, A13) just above and below the entire real 
axis to find 



rn—1 m— 



(A18) 
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Now we solve (A18) for each i^fc+i with k ^ i — 1, i, i + 1 in terms of all I m +i.k+\ with m/i|l and substitute the 
result into (A16) (figure 16). This process, though straightforward, is tedious. However, if we include the condition 
from (A12) that 



(A19) 



then the results of section A3 imply that Jj + x,fc+i is asymptotically dominant over all I m +\ t k+i with m ^= i + 1 as 
x i+ i — ¥ Xi, so we only concern ourself with the former. Thus, under (A19), we find 



Ii,k+i{xi,x 2 , • ■ • , Xk) 



sin it Pi 



+ i 



xi+i^x, sin7r(/3 i + (3 i+1 ) 



Ii+i,k+i(xi,X2,...,x K ), ft+A+i<-l, k ^ (A20) 



The asymptotic behavior of the definite integral from Xj to Xj+i inside as Xi+i — > Xj falls under the second 

case and can be computed using the results of section A 2. Inserting (A20) into (A16) then gives 



Ii,i+2(xi,X 2 , • ■ ■ ,Xk) 



Xi + l—^Xi 



sin7r(EU +1 A+7/2) y> sin^t. A + 7/2) 
^ sin tt(A + ft +1 + 7 /2) k ^ +2 sin tt(A + ft+i + 7 /2) 



Af 



(u 2 - ^) ft+ft+i+7 n (^-^ 



du 2 



(A21) 



sinTr^+ir^ + lTO+i + l) 
sin^(ft + ft +1 )r(/3 l +/3 l+1 + 2) 



(x i+1 - Xi )^+^ +1 Af 



under conditions (A14, A17, A19). 

We can simplify (A21) considerably if we introduce a fourth condition from (A12). First, we consider the definite 
integral 



l'i+ 2 { x UX 2 , ■ ■ ■ ,Xi-i,X l+2 , . . . ,xk) 



Af 



K 



n ^ 2 -x y> 



duo 



(A22) 



The prime signifies that I[, 2 is a function of only Xi, x 2 , . . . ,Xi-i, Xi +2 , ■ ■ ■ , xk- We now include the condition 
j3 i+ i = ^ from (A12), so overall, the powers in our definite integrals Ij^ satisfy 



E^ft+T^^H, ft +7/2 = 0, ft + ft+i <-l, / 9 i = A +1 . 



(A23) 



With this final condition, the sum of the powers in (A22) i+i Pj is an integer less than negative one, and (as in 

the derivation of (A7)) we can integrate u 2 just above or below the entire real axis to find 



K 



A ± := £' e± -^4 +1 = o, 



(A24) 



k=l 



where the prime indicates summation over indices except k,l = + 1. Now after isolating I' i+2 from the linear 
combination 



we find 

l' l+2 (xi,X 2 ,...,Xi_ 1 ,X i+2 ,..., 



ft e 7ri(ft+/3 i+ i+7/2) _ ^-g^Elri 1 ft e -7ri(ft+ft+i+ 7 /2) = q 

sin7r (E;=fc+i A - Pi ~ Pi+i - 7/2) 



(A25) 



xk) 



.fc=i 



sin7r(ft + /3 l+ i+7/2) 



sin tt(EL A +7/2) 
fc ^ 2 sin7r(/3 i +/3 i+1 + 7 /2) 



A" 



n 



du 2 . (A26) 
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T(fii + /3 l+ i +2) 



(x l+l -x^+^^Af 



n 

if v +i 



i-1 i i+2 



i - 1 



"i+1 i+2 



x w ~ sin tt(A + ft+i )H(A + +2) 

x TV 

_ sin tt/3, +1 IX/3 t +1) 
x m ~ *, sin ?r(ft + /3 i+ i + A+i+2) 

x TV 



(x i+1 



i + +i 



n - 

if ii +i 



1 i+2 



FIG. 17: Summary of cases two, three, and four, assuming (A6, A14). In addition, the middle line assumes (A19) and the 
condition ^ . fjj G Z~ \ { — 1}, and the bottom line assumes (A23). 



Using the conditions (A23), we see that the right side of (A26) equals the product of the first bracketed factor on the 
right side of (A21) with the definite integral on the right side of (A21). Recalling (A22), it immediately follows that 
(assuming (A14, A23)) 



^,1+2(2:1,2:2, • ■ • ,xk) 



sin7rA+ir(A + l)r(A+i + l) 
i+ 7-+Xi sin 7 r(/3 l + /3 l+1 )r(A + A+i+2) 



xTV 



jjti,i+l 



A' II (U2-X^ 
jjti,i+l 



du 2 , A= j a i+ i, (A27) 



and we note that the prefactor in (A27) equals that of (A10). After substituting /3f_|_i = Pi from (A23), this becomes 



Ii,i+2(xi,x 2 , • • • , x K ) 



2.a, 



Tjfii + l)(x i+ i - Xj) 
-2coaivPiT(2Pi + 2) 



-TV 



n i^-^y 



Xi + 2 



TV 



n («» 

jjn.i+i 



du 2 



(A28) 

Remarkably, because of conditions (A23) that arise from the powers (23, 24) (which, in turn, are required in order 
for the Coulomb gas solution (21) to satisfy the PDEs (1, 2)) the action of sending x^-y — > Xi joins the contours T\ 
and r 2 of (All) into a single contour V connecting the leftmost endpoint Xi-i of Ti with the rightmost endpoint 
2^+2 of r 2 . The points Xi and Xj+i do not participate in the remaining definite integral. We note that the — 2cos7r/3j 
appearing in (A28) equals the O(n) fugacity factor n (27) as a result of (A12), and its presence justifies the factors of 
that appear in the bottom line of figures 6 and 7. 

Figure 17 summarizes the asymptotic behaviors of the definite integrals studied in cases two, three, and four. 

Now we use (A28) to prove item 4 in lemma 6. We let Z 2 be the definite integral with respect to U\ and it 2 in (21, 
22); we set M = N — 1, X2N+m — u m for all m € {1, 2, . . . , N — 1}, and Pi = — — 4/k; and we assign the other 
powers (3j and 7 in (A3) as dictated by (23, 24). Supposing that 8/n is not an integer, we find that if the contour Ti 
of F$ € Bn touches or surrounds Xi and the contour r 2 touches or surrounds Xi+i, then t\F$ (6) equals the element 
of Bn-i with contours T, r 3 , r 4 , . . . , rjv-i, where V is the contour generated by the joining of Ti with T 2 induced by 
pulling their respective endpoints Xi and Xj+i together via l\. 



5. A closer look at the second and third case with 8/k an odd, positive integer 

In this section, we prove item 2 of theorem 11 with k = k' — 8/r with r > 1 an odd, positive integer by showing 
that the expansion of an element of B' n (k') (79) in powers of ccj+i — xi has the form (58) involving logarithms. We 
set Pi — p i+ i = — 4/V throughout, as prescribed by (A5). 

After choosing an element F^(k') 6 B' n (k'), we use some results of the previous sections A 1-A3 to determine its 
asymptotic behavior. We first re-examine the second case of section A 2 because we will use it in our treatment of the 
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third case of section A 3. (In order for the definite integral (A2) to converge, we replace its simple integration contour 
with the Pochhammer contour ^(xj, Xj+i) and we divide it by 4sin 2 (47r/K').) It might appear that (A3) gives the 
asymptotic behavior of (A2). However, the T(2 — r) in the denominator causes the right side of (A3) to vanish. To 
recover the true asymptotic behavior of (A2) as Xi+i — ¥ Xi, we substitute u\{t) = (1 — i)xi+ixj+i in the integrand and 
expand in powers of Xi+± — Xi. We find that (A2) approaches a nonzero number Bq(k' | xi, X2, ■ ■ ■ , x%, Xi+2, ■ ■ • , Xk) a s 
Xi + i — > Xi. The details are left for the reader. Now in the present context, (A2) is the definite integral with respect to 
U\ in the Coulomb gas integral (22) appearing in the formula for F^(k'). From (21), we see that F^(k') has another 
factor of — Xi) 2 ^ K , so it vanishes as Xj+i — > Xi with the two-leg exponent 2/k'. (We recall that in the proof of 

theorem 11, we used corollary 10 to choose the index i so it does not coincide with the index c of the point bearing 
the conjugate charge.) We note that, in contrast with the scenario k/k' encountered in case 2 in the proof of lemma 
6, (xi, x i+ i) is a two-leg interval of F^(k'). 

The treatment of case three in section A3 as Xj+i — > Xi is more involved. We can follow the analysis up to (A8), 
where division by sin7r(/3i + /3i + i) = — sin(87r/ft') is not possible because this quantity is zero. To circumvent this issue, 
we multiply both sides of (A8) by — sin(87r/«'), and either side of the equation that follows vanishes like (k — k') 1 . 
After Taylor expanding both sides in powers of k — k' and matching the coefficients of the leading terms, we find 
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sin tt ^2 A(«0 d K I k+ i(n') 
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9«A(«0 J cos (tt J2 PiW 
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(A29) 



I sin 



d K I i+ i(K'). 



Because none of the terms in the top and middle lines have an integration contour that surrounds Xi or x-j+i, we find 
their limits as Xj+i — > X4 by setting Xi+i = x,. Thus, we let Cq{k' \ Xi, X2, ■ . ■ , Xi, Xi+2, ■ • ■ , Xk) be the sum of the 
terms in the top and middle lines on the right side of (A29) with = a^. The behavior of the bottom line of (A29) 
as Xi+x — > Xi is more complicated and interesting. After inserting the substitution u\{t) = (1 — t)xi + ix^+i, we find 



I- i+1 



{k\x 1 ,x 2 ,...,x k ) 



(x 



'i+1 



M-S/k 



4 sin (Att/k) 



t-*/«(l-t)-V"Af 



s»(o,i) 



K 



JJ (Xj-Xi-iXi+x-X^tftW 



dt. (A30) 



Therefore, 

d K ,Ii + \(n\x 1 ,X2,. 



,x K ) 



log(x 



i+i 



Xi)I i+ i(K\xi,X2,--.,X K ) 



+ (x ^ ^ 



4 sin (Att/k) J&>(q,i) 



t-^ K {l - t)-^ K N 



K 



Yl ( Xj - Xi - (x i+1 - Xi)t) lW 



j^i,i+l 



dt 



(A31) 



We wish to determine the asymptotic behavior of the right side of (A31) as Xj+i — >■ Xi with k = k' . The behavior of 
the first term on the right side of (A31) follows from recalling the earlier result that | x\, X2, ■ ■ ■ , xk) approaches 

the nonzero number Bq^k 1 | x\, X2, ■ ■ ■ , Xi, Xi+2, ■ ■ ■ , xk) as Xi+i -+ x^. We find the behavior of the second term by 
expanding the integrand in powers of Xi + i — Xj and keeping only the leading contribution. Thus, 
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. , Xi, X i+2 , . . . , X K ) fog(x l+ i - Xi) 



d K 



(x 



We note the appearance of log(x,- + x 

,' 2 \ . (A 
— sm - 
8tt J \k' 



T(2 - 8/k) 
Xi) in this behavior. Furthermore 
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(A32) 



lim d K 



r(i-4/«) 



lim 



sin(-47TK)r(l - 4/k) 



r(2-8//c) / k^k' sin(87r/K)r(2 - 8/k) ' 



(A33) 



3G 



which matches the prefactor of (A10) with /3j — f3i + i = — 4/k. Now we insert (A32) with (A33) into (A29) and find 



I i (K f \x 1 ,X2,...,X K ) ~ C Q (K / \xi,X 2 ,...,X i ,X i+2 ,...,X K ) 



lim ( ra 7 4/K) / 2 ^ (x i+1 - Xi) 1 -*'* TT {x,- Xl f^'\ 



(A34) 



where we have used (27). 

The top and bottom lines of (A34) are respectively the leading terms of a Taylor series and Frobenius series in 
powers of 2^+1 — Xi, and the middle line is the first term in another such Taylor series multiplied by log(xj+i — x{). 
After we insert this full series expansion of the definite integration \ x\, X2, ■ • ■ , Xr) with respect to u\ into Fq(k') 
and we expand the other factors of F#(n') in powers of Xi+i — Xi, we find the expansion (58) for F^(k'). 

The fourth case would be very difficult to re-examine in principle. However, corollary 10 lets us avoid this analysis 
because, by moving the location of the conjugate charge for F^(k'), we can convert the fourth case into the third case 
shown in figure G. Hence, we have proven that every element of B' n (k') exhibits the expansion (58) as Xj+i — > Xi for 
any i G {1, 2, . . . , 2N — 1}. Because B' n (k') is a basis for Sn(k') according to the proof of theorem 8, this proves item 
2 of theorem 1 1 . 



Appendix B: A proof of theorem 2 

In this appendix, we present a proof of theorem 2 of section II. This is an adaptation of the original proof of the 
theorem by J. Dubcdat [36], and it explicitly uses the Ward identities to derive the Coulomb gas neutrality condition 
as part of it. We suppose k > throughout and use the notation X2N+k ■— Uk- In the dense phase (n > 4) we have 
from (12, 15) 

a + = aT = 2ccq = a + + aT , (Bl) 

af i2 = -oT/2 = a^ 2 =a + + 3oT/2 = (k-6)/2«/k. (B2) 

Here and throughout the proof, we assign a + and a~ their dense phase values (13). In the dilute phase (k < 4), we 
switch a ± i-> a T and 2 i-> a 21 . This change does not affect the powers (23, 24) that appear in (22). 

We begin with a different construction of the Coulomb gas solution (21) that more directly suggests how it will 
satisfy the null-state PDEs (1). Working with real numbers, or "charges," a±, a 2 , ■ ■ ■ , 012N+M, we define the function 

2N+M 

$(x 1 ,x 2 ,...,x 2 n+m) := Ylixk-Xj) 2 ^. (B3) 

j<k 

In the CFT Coulomb gas formalism, ctj is the charge associated with a chiral operator located at the point Xj, and 
(B3) is the formula (17) for the correlation function of this collection of operators. Our strategy is to choose the ctj 
and M such that for all 1 < j < 2N, we have 

2N+M 

<$>(x 1 ,X2,...,X 2 N+m) = < 9 fc(--')> ( B4 ) 

k=2N+l 

where stands for some analytic function of x±, x 2 , ■ ■ ■ , x 2 n+m ■ Once we have done this, we integrate the 

coordinates a^jv+i, £2^+2, • ■ ■ > %2N+m on both sides of (B4) around closed, nonintersecting contours Ti, I^, . . . , Tm 
(such as nonintersecting Pochhammer contours) . Because either side of (B4) is absolutely integrable on each path, we 
can perform these integrations in any order according to Fubini's theorem. Integrating the right side of (B4) therefore 
gives zero. Finally, because the contours do not intersect, we have sufficient continuity to use the Leibniz rule of 
integration to exchange the order of differentiation and integration on the left side of (B4). We therefore find that 
F := § $ satisfies the null-state PDEs (1). We note that M counts the number of screening charges to be used in the 
Coulomb gas construction (20). This is the plan for the proof, which we now begin. 

With some algebra, we find that for any positive integer M, any collection of real "conformal weights" hi, 
h 2l . . . , h 2 N + M and "charges" oti, a 2 , . . . , a 2 ^+M, and for each 1 < j < 2N + M, we have 



2N 



K g2 + y> / d k _ (6- k)/2k 
4 J \Xk — Xj [xf. — Xj) 2 
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2N+M 



h k 



X X j ( X Xj ) 
N+l 

E 



$(xi,X 2 , ■ ■ - ,X 2 N+m) 



2N+AI i 2 i\ 2N+M , , „ N , 

a fc ai(Ko^ - 1) ^ ^^(KQijQife - k/2 + 2) - ft fe 



k^l 



E 



$(xx,X 2 ,... ) X2N+m)- (B5) 



We choose hk = (6 — k)/2k for 1 < fc < 27V and = 1 for fc > 2iV (the conformal weight of a one-leg boundary 
operator and a chiral operator with charge respectively). With this choice, we can write (B5) as 



2/V 



9fc (6 — k) /2k 

Xk Xj (x k Xj) 



2N+M 

$(xi,X2,.-.,X2N+m) = ^ d k 
k=2N+l 



<&{x l ,X 2 , ■ ■ -,X2N+m) 
Xk Xj 



2N+M I 2 1 \ 2N+M , ,„ , „ x , 

a.}-a.i\Ka.j — 1) aja fc (Kaja fc — k/2 + 2) - h k 



E 



E 



$(xi,x 2 ,...,x 2N+M ) (B6) 



for all 1 < j < 27V. We recognize the differential operator of the jth null-state PDE (f ) on the left side of (B6). Now 
we choose a particular j ^ 2N. If we choose atj and the elements of {cnk}kjtj as 



q = a 



a ± Jag + ftfc, fc^j, 



(B7) 



then the term in brackets on the right side of (B6) vanishes (for either choice of sign for oct), casting (B6) in the 
desired form (B4) for this particular j. 

Next, we search for a choice of ± signs for the charges af , aj, . . . , a 2 N+M m such that we achieve the form 
(B4) not just for the one selected j € {1,2,..., 2N} that appears (B6), but for all indices in this set. We note that 
for 1 < k < 2N, the choice hk = (6 — k)/2k and (B7) implies aj~ = a^f 2 , an d f° r & > 27V, the choice hk = 1 and (B7) 
implies oi£ = a ± . This opens the possibility of achieving the desired form (B4) for all 1 < k < 2N. We highlight two 
possible choices. 

1. If we choose the + sign for all ay with 1 < j < 2N, then the bracketed term on the right side of (B6) vanishes, 
and we have 
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Xk Xj \Xk Xj) 
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^(X!,X 2 ,...,X 2N+M ) = ^ d k 



k= 2 N+l 



$(xi,X 2 , . . . ,X 2 N+m) 



X}* Xj 



(B8) 



for all 1 < j < 2N. Thus, we attain the desired form (B4) for all 1 < j < 2N. Presently, M and the signs for 
the with 2N + 1 < k < 2N + M are still unspecified. 

2. If M = N — 1 and we choose the + sign for all a* 1 with 1 < j < 2N — 1, the — sign for a^ N , and the — sign for 
all af with 2N + 1 < k < 37V — 1, then we have (B8) for 1 < j < 2N — 1. Thus, we attain the desired form 



(B4) for all indices j in this range. Furthermore, J. Dubedat [36] proved that 
8 k (6 - k)/2k 
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J 



(B9) 



Because the right side of (B9) equals a sum of derivatives with respect to x k with 2N + 1 < k < 3N — 1, we 
attain the desired form (B4) with j = 2N too. 
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As previously discussed, the function F :— § $ is annihilated by the differential operator on the left for all 1 < j < 2N 
provided that none of the M integration contours intersect, thus giving a solution of all of the null-state PDEs (1) in 
either case. 

In addition to satisfying the null-state PDEs (f ), F must also satisfy the Ward identities (2). These identities imply 
that the function 

2N 

G(X!,X2, ■ ■ ■ ,X 2 n) ■= Yl _ X j f /K ~ 1 F{xi,X 2 , ■ ■ ■ ,X 2 n) 

j = l, odd 

2N 

= II ( x 3+l - Xj) 6 /^ 1 j) ...j) j) <&(x 1 ,X 2 ,...,X2N+M)dx2N+ldx2N+2---dx 2 N+M (BIO) 
j = l, odd 

is invariant under Mobius transformations, or equivalently, depends on only a set of 2N — 3 independent cross-ratios 
that can be formed from x\, X2, ■ ■ ■ , X2N [1 _ 4]. We choose these cross-ratios to be 

h = f{xi) with f(x) := -, Bll) 

{%2N-l ~ X 1 )(X2N - X) 

so Ai = < A2 < A3 < . . . < \2N-2 < A2JV-1 = 1 < A2JV = 00. Then this condition is equivalent to G satisfying 

G(xi,X 2 , X 3 , . . . , X2N-2, X 2 N-1,X2n) = G(0, A 2 , A3, . . . , A 2 JV-2, 1, 00). (B12) 

Next, we motivate a choice of ± signs for the charges off, af , . . . , a 2 t Ar+M in (B7) for G to fulfill the identity (B12), 
and then we verify that it indeed is satisfied. We anticipate that the possible choices we find will agree with those 
suggested in items 1 and 2 above. Because the right side of (B12) is necessarily finite, we ignore any infinite factors 
that result from setting X2N = 00 for now. From (B3) and (BIO), we see that for all 1 < m < M, the mth integral on 
the right side of (B12) has the form 

/2N-2 2N+M 
Af^l-A^ 2 "- 1 (Xj-Xi)^ J] - \lf k d\ h l:=2N + m, (B13) 
j=2 k=2N+l 
k^l 

with Pf. := 2a k cti, and the mth integral on the left side of (B12) has the form 

2N 2N+M 

/[[(xj-x^ (x k - xif k dx u l:=2N + m. (B14) 

J j=l k=2N+l 

We note that the integrand of (BI4) contains an extra factor that was dropped in (B13) when X2N was sent to infinity. 
The simplest condition that is ostensibly consistent with (B12) is for the integrals (B13) and (B14) to be the same 
up to algebraic prefactors. After the change of variables Xj — f{xj), (BI3) transforms into 

r 2N ^ ( T T, \ ft 2N+M ( T, T, \ l3k rlT, 

V( Xl ,x 2 ,...,x 2N ) f I] (^-EL) [] (^^ L ) . ^ l:=2N + m, (B15) 

J fJi \X2N -XlJ fe= £jV+l \ X2N ~ Xl ' ^ X2N ~ Xl > 

where V(x\, x 2 , ■ ■ ■ , x 2 n) is an algebraic prefactor. To match the integral in (B15) with (B14), we must have 

P2N = - J2 Pk - 2- (B16) 

k^2N,2N+m 

That is, the sum a m of the powers in (B14), 

° m := ^ k = X! 2a k Oi2N+Tn = 2a>2N+m I a k ~ &2N+m J (B17) 

k^2N+m k^2N+rn \ k J 

must equal negative two. Because 2iV + m > 2N, we have U2N+m = or 11 for some sign choice. Thus, using the 
identities a + + aT = 2oiq and a + a~ = — 1, we find that the Coulomb gas neutrality condition discussed in section II 
is satisfied if and only if a m = —2 for some 1 < m < M. 

o m = 2u ± y^ j u k -u ± \=-2 <^> ^a k = 2a a . (B18) 

\ k J k 
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This in turn implies that if a m — —2 for some 1 < m < M, then a m = —2 for all m in this range. 

Now we search for sign choices for (B7) and a value for M such that the neutrality condition (B18) is satisfied. 
Without loss of generality, we write 

(a+ 2 , l<k<p 

a fe =K 2 ' P+1 ^ k ^ 2N (B19) 
I a~, 2N + \<k<2N + q y ' 

[a+, 2N + q + l < k < 2N + M 
for some < p < 2N and < q < M. Letting p' := 2N - p and q' := M - q, (B18) with (Bl, B2) gives 

a = \2a-[pa+ 2 +p'a^ 2 + {q-l)a- +q'a+], 1 < m < q 

° m I 2a+ \paf 2 + p'a^ 2 + qor + (q' - l)a+], q + 1 < m < M 



4k- 1 [-p + 3p' + 2(q - 1)] - 2(p' + q') 
n{p' + q' - l)/2 - {-p + 3p' + 2q), 




(B21) 



for all 1 < m < M and k^O. 

First, we suppose that q = M, so q' — and the bottom line of (B21) gives p' = 1 and p = 2M + 1. Then the top line 
of (B21) is also satisfied, and we see that M = N — 1. That is, we use the a\ 2 charge for the points x\, x 2 , ■ ■ ■ , X2N-1, 
we use the aj~ 2 "conjugate charge" for x 2 n, we use the a~ screening charges for all N — 1 integration variables, and 
we use no a + screening charges for any integration variable. This situation falls under item 2 above. So far, we have 
simply predicted a choice of p and q in (B19) such that § $ should satisfy the Ward identities (2). To prove that § $ 
does indeed solve them if we use this choice, we show that G, defined in (BIO), satisfies condition (B12). We can do 
this by changing integration variables on the right side of (B12) from Xj to xj via / in (Bll) as described above, and 
doing some straightforward but lengthy algebra. We omit the details. This proves that linear combinations of the 
functions (21) with c = 2N satisfy the system (1, 2). Because the system is invariant under permutation of the points 
xi, x 2l . . . , x 2 m 1 we see that (21), with c equaling any index among {1, 2 . . . , 2N — 1}, satisfies this system too. This 
proves theorem 2. 

Now we suppose that q < M so q' > 0. Then the bottom line of (B21) implies that p'+q'—l = and — p+3p'+2q = 2. 
The first of these equations implies that p' = and q' = 1, or p = 2N and q = M — 1, and with these conditions, the 
second implies that M = N + 2. That is, we use the a± 2 charge for the points x\, x 2l . . . , o^at, we do not use the 
ot\ 2 "conjugate charge" for any of these points, we use the a~ screening charges for N + 1 of the N + 2 integration 
variables, and we use the a + screening charges for the remaining integration variable. This situation falls under item 
1 above. Again, we can prove that § $, with this choice of p and q for (B19), solves the Ward identities (2). 

We did not pay attention to these q < M solutions in this article because if conjecture 14 of [1] is true, then theorem 
8 renders them extraneous. For example, if N — 1 so M = 3, then (writing u\ = x$, u 2 — x^, and — x%) 

F(x 1 ,X 2 ) = (x 2 -X 1 ) 1 - e / K <f I I ( U3 _ a;i )-4/«( U2 _ a;i )-4/«( Ul _ a;i )( X2 _ U 3)-4/K 

x (x 2 - u 2 y 4/R (x 2 - ux)(u 3 - u 2 ) 8/k (u 3 - iti)- 2 (u 2 - uiY 2 dm du 2 du 3 (B22) 

should be an element of 5i . By substituting Uk(tk) = (1 — ti ! )xi+ti c x 2 for k = 1, 2, and 3, we can factor the dependence 
of the triple contour integral on x 2 — x\ out of the integrand to find that F(xi, x 2 ) is proportional to (x 2 — xi) 1 ^ 6 ^. 
Hence, F is indeed an element of Si. (See bullet three of item 3 in definition 4 or (16) of [1].) We can decompose 
Ti into a collection of small circles centered on the remaining integration variables. Now in this N = 1 case, it seems 
that any choice of contours for T 2 and T 3 causes this triple-contour integral to vanish. This may be true for all N > 1 
as well, but proving this seems to be difficult. 
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